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Preface

This volume contains the papers presented at RelMiCS 2001, the 6th Inter-
national Conference on Relational Methods in Computer Science, and the First
Workshop of COST Action 274 TARSKI, Theory and Application of Relatio-
nal Structures as Knowledge Instruments. The conference was held in conference
centre Boschoord, Oisterwijk near Tilburg, The Netherlands, from October 16
till October 21, 2001. The conference attracted interest from many parts of the
world with contributions from many countries.

This conference was a continuation of international conferences/workshops on
Relational Methods in Computer Science held in: Schloss Dagstuhl, Germany,
January 1994; Parati near Rio de Janeiro, September 1995; Hammamet, Tunisia,
January 1997; the Stefan Banach Center, Warsaw, September 1998; and Quebec,
Canada, January 2000.

The purpose of these conferences/workshops is to bring together researchers
from various subdisciplines of Computer Science, Mathematics, and Philosophy,
all of whom use relational methods as a conceptual and methodological tool
in their work. Topics include, but are not limited to: relational, cylindric, fork,
and Kleene algebras; relational proof theory and decidability issues; relational
representation theorems; relational semantics; applications to programming, da-
tabases, and analysis of language; and computer systems for relational knowledge
representation. With respect to applications one can think of: relational speci-
fications and modeling; relational software design and development techniques;
programming with relations; and implementing relational algebra.

The RelMiCS’6 conference had three invited lectures, one of which has been
included in these Proceedings. In addition, three tutorials were presented: Ivo
Diintsch and Giinther Gediga, Rough’ Sets: tools for non-invasive data analy-
sis; Wolfram Kahl and Eric Offermann, Programming with and in relational
categories; Gheorghe Stefanescu, An introduction to network algebra.

After a thorough refereeing process the Program Committee selected 21 papers
for inclusion in these Proceedings. The papers have been classified into the dif-
ferent Work Areas (WAs) of Cost Action TARSKI: WA 1, Algebraic and logical
foundations of “real-world” relations; WA 2, Mechanization of relational reaso-
ning; WA 3, Relational scaling and preferences.

September 2002 Harrie de Swart
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A Relation-Algebraic Approach
to Graph Structure Transformation

(Invited Talk — Extended Abstract)

Wolfram Kahl *

Department of Computing and Software. McMasteor University

kahl@cas.mcmaster.ca

1 Introduction

Graph transformation is a rapidly expanding field of research, motivated by a
wide range of applications.

Individual graph transformation steps can be specified at different levels of
abstraction. On one end, there are “programmed” graph transformation systems
with very fine control over manipulation of individual graph items. Different
flavours of rule-based graph transformation systems match their patterns in more
generic ways and therefore interact with the graph structure at slightly higher
levels.

A rather dominant approach to graph transformation uses the abstractions of
category theory to define matching and replacement almost on a black-box level,
using easily understandable basic category-theoretic concepts, like pushouts and
pullbacks. However, some details cannot be covered on this level, and most au-
thors refrain from resorting to the much more advanced category-theoretic tools
of topos theory that are available for graphs, too — topos theory is not felt to
be an appropriate language for specifying graph transformation.

We show that the language of relations is better suited for this purpose and can
be used very naturally to cover all the problems of the categoric approach to
graph transformation. Although much of this follows from the well-known fact
that every graph-structure category is a topos, very little of this power has been
exploited before, and even surveys of the categoric approach to graph transfor-
mation state essential conditions outside the category-theoretic framework.

One achievement is therefore the capability to provide descriptions of all
graph transformation effects on a suitable level of abstraction from the concrete
choice of graph structures.

* Most of this work was completed during the author’s appointment at Institute of
Software Technology, Universitat der Bundeswehr Miinchen.

H. de Swart (Ed.): RelMiCS 2001, LNCS 2561, pp. 1—14, 2002.
© Springer-Verlag Berlin Heidelberg 2002



2 W. Kahl

Another important result is the definition of a graph rewriting approach
where relational matchings can match rule parameters to arbitrary subgraphs,
which then can be copied or deleted by rewriting. At the same time, the rules
are still as intuitive as in the double-pushout approach, and there is no need to
use complicated encodings as in the pullback approaches.

In short: A natural way to achieve a double-pushout-like rewriting concept that
incorporates some kind of “graph variable” matching and replication is to amal-
gamate pushouts and pullbacks, and the relation-algebraic approach offers ap-
propriate abstractions that allow to formalise this in a fully component-free yet
intuitively accessible manner.

This extended abstract is a short overview of the central results of [KahOl1].
The next section contains a summary of the conventional approaches to describ-
ing graph transformation in the setting of categories, which are a generalisation of
total functions between sets. Section 3 moves to the abstract setting of Dedekind
categories, one particular abstraction from the setting of relations between sets.
We first present natural relational characterisations of the central ingredients of
the category theoretic approaches, and then use the flexibility of the relational
approach to amalgamate the relational versions of pushouts and pullbacks into
the original pullout approach to graph structure transformation.

2 Conventional Categoric Graph Transformation

The so-called “algebraic approach to graph transformation” is really a collection
of approaches that essentially rely on category-theoretic abstractions.!

A category consists of a collection of objects and a collection of morphisms,
where every morphism has a source and a target; we introduce a morphism
F with source A and target B by writing F' : A — B. In addition, for every
object A there is an identity morphism I 4 : A — A usually just written I, and
the associative composition operator combines two morphisms ' : A — B and
G : B — C into their composition F3G, which is a morphism from A to C.

2.1 Pushout Rewriting

Historically, Ehrig, Pfender, and Schneider developed the double-pushout ap-
proach as a way to generalise Chomsky grammars from strings to graphs, using
pushouts as “gluing construction” to play the réle of concatenation on strings
[EPST73], see also [CMR'97]. The name “algebraic approach” derives from the
fact that graphs can be considered as a special kind of algebras, and that the
pushout in the appropriate category of algebras was perceived more as a concept
from universal algebra than from category theory.

! An accessible introduction to category theory in computing science is [BW90]. How-
ever, in the context of the algebraic approach to graph transformation, usually only
a very limited amount of category theory is employed, and most of the literature is
accessible starting for example from the handbook chapters [CMRT97, EHK97].
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The pushout for a span (i.e., a pair of morphisms starting {rom a common

source) B<E— A—2+C in some category consists of a pushout object D and two
morphisms R and § with D as target, such that the resulting square commutes,
i.e., PiR = @S, and that for every other completion B-LLD' 5 ( to a com-
muting square, i.e. with PR’ = (}:5’, there is a unique morphism Y : D — D’
such that the candidate morphisms can be factorised via Y, that is, R = RY
and S’ = SiY.

The following example in the category of unlabelled directed graphs shows a
pushout that “glues” together two directed graphs along a common interface
consisting of two nodes connected by a single directed edge (for anchoring the
edge component of graph homomorphisms, we draw edges as small squares with
incoming and outgoing source and target “tentacles”). The pushout object can
be considered as containing “copies” of the two graphs B and C, where the two
“instances” of the “interface” 4 have been “identified”.

€— €

HR __)

In the double-pushout approach, a rewriting rule is a span L8 G 2 R of
morphisms starting from the gluing object G.

As an example congider the following graph rewriting rule, which deletes a
path of length two between the two interface nodes, and inserts a four-node cycle
with one edge connecting the interface nodes.
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[€&——PhiL PhiR —————»

A redex for such a rule is a morphism X, : £ — A from the rule’s left-hand
side £ into some application graph A. In the following example, the redex is
injective, although, under certain circumstances, non-injective redex morphisms
are allowed, too.

€— PhiL PhiR ——————

Chil

Application of the rule has to establish a double-pushout diagram of the following
shape:

L <% g _ %, g

XL = XR

A 4 T 5

Note that for the left-hand side pushout, the “wrong” arrows are given, so the
completion to a pushout square is not a universally characterised categorical
construction. This completion is called a pushout complement, which consists of
a host object H and a host morphism = : G — H such that the pushout of the
rule’s left-hand side @1, and the host morphism = recovers the application graph.
Such a pushout complement exists iff the so-called gluing condition holds — for
items from left-hand side outside the image of the interface, the redex must not
perform any identification or mapping to nodes incident with “dangling edges”.
This gluing condition is usually stated using the concrete language of graphs with
nodes and edges; the only abstract formalisation given so far is that of Kawahara
[Kaw90], using the language of toposes (categories with “internal logic”), which
may be the reason why this seems not to have caught on.
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Once a host morphism is found, the right-hand-side pushout completes the
rewriting step, which in our example then looks as follows:

«—PhiL PhiR —————»]

| €—psiL
N 3 psir—]

Note that in contrast with the first pushout example, there is no edge in the
interface graph here; this produces a pushout object B that has two edges be-
tween the images of the interface nodes — only the interface nodes themselves
are forced to be identified here.

As this example illustrates, application of double-pushout rules is quite easy
to understand. This makes the double-pushout approach a useful tool also for
specifying all kinds of transition and transformation systems, with applications
ranging from applied software systems and systems modelling to aspects of par-
allelism, distributed systems and synchronisation mechanisms, and operational
semantics of programming languages from a wide range of paradigms, including
functional, logic, and object-oriented.

However, pushout rewriting does not easily lend itself to extensions that
include some kind of graph variable that could be matched to whole subgraphs,
such that rewriting might replicate or delete these subgraphs.

2.2 Pullback Rewriting

Bauderon proposed a different categorical setting for graph rewriting that over-
comes the lack of replication capabilities in the pushout approaches. Starting
from the fact that the most natural replication mechanism in category theory
is the categorical product, and that, in graph-structure categories, pullbacks
are subobjects of products, Bauderon and Jacquet introduced a setup that uses
pullbacks in place of pushouts [Bau97,BJ01].

The pullback is the dual concept of the pushout, that is, defined with “all
arrows turned around”: Starting from two morphisms R and § with common
target D, a pullback consists of a pullback object A and two morphisms P and
Q@ starting from A such that the resulting square commutes, and such that each
commuting candidate square can be uniquely factorised via A.
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The following example shows how a simple single-pullback rule R can be used
to specify duplication of application graphs.

St
S

In general, however, pullback rules tend to be less intuitive.

The natural approach is to consider different parts of the target of the rule
arrow R as standing for different “réles” in the rewriting step. The rule morphism
R decides the behaviour of each réle, while the morphism S from the application
graph into D assigns roles to all parts of the application graph. For maximum
flexibility in the treatment of these roles, Bauderon and Jacquet therefore provide
an alphabet graph that contains items that each represent a different treatment
via rewriting, such as preservation, duplication, or deletion.

The following shows the translation of a simple NLC rule (“node-label-
controlled graph rewriting”, one variant of vertex replacement [ER97]), where
D is the alphabet graph for three labels, which are represented by the horizon-
tally flattened three-node clique in the middle. The top node is the “context”,
and the bottom node is the “redex”. The rule morphism R rewrites the redex
by splitting it into two nodes connected by a single edge, redirecting incoming
edges from one of the three kinds of neighbours to the source of that new edge,
and redirecting the source tentacles of outgoing edges directed at the same kind
of neighbours to the target of the new edge.
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Context:

«——R€——
Labels:

Redex:

Such a rule is applied by establishing what Bauderon and Jacquet call a “label”
on an application graph, that is, a graph morphism from the application graph
to the alphabet graph such that exactly one node is mapped to the “redex”
node, precisely its neighbours are mapped to label nodes in the alphabet graph
{(which are the neighbours of the redex node), and all other nodes are mapped
to the “context” node.

Since just the rule above even sufficiently demonstrates that pullback rules
are much less intuitive than pushout rules, we refrain from showing an applica-
tion of this rule.

Even though the expressivity of pullback rewriting encompasses most well-
known approaches to graph rewriting, including node replacement, (hyper-)edge
replacement, and pushout rewriting, the lacking intuitive accessibility of its
rewriting concept has severely limited interest in the pullback approach.

3 Amalgamating Pushouts and Pullbacks to Pullouts

We are going to present a formalism that allows the abstract specification of
graph transformation with “graph variables” and replication of their images. It
will superficially be modelled at the double-pushout approach, but works in the
setting of relational graph morphisms, and it fully incorporates both the pushout
and the pullback approaches. For details, see [KahO1].

The key to the relation-algebraic approach to graph transformation is the
fact the graph structures with relational graph-structure homomorphisms give
rise to Dedekind categories. Dedekind categories are relational categories that
differ from heterogeneous relation algebras only in that the lattice of relations
between two objects need not be Boolean. Therefore, most of the laws of relation
algebras that do not involve complement still hold.

An even weaker, but in many circumstances still useful structure is an allegory
[FS90], which is essentially a category with converse and intersection. Dedekind
categories are also known as “locally complete distributive allegories”.

We call morphisms of allegories and Dedekind categories relations, and we
introduce a relation R from object A to object B by writing R : A + B;
and for relations R, S : A <> B we use converse R~ (which is a relation from
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B to A), union R 1S, intersection R M S; the domain of definition of R is
domR = T4 M RR", and the range is ran R = dom (R”). For a homogeneous
relation @ : A > A, we write @* for the reflexive and transitive closure of ).

We consider a graph to be a unary algebra (N, &€, s,t) consisting of a node
set A, an edge set &, and two mappings s,t : £ — N which map edges to
their source resp. target nodes. Given two graphs G; = (N1,£&1, s1,¢1) and Gy =
(N2, Ea, 89, t2), a relational graph homomorphism R : G < Ga is a pair (Rur, Rg)
of relations Rar : N1 <> Ny and Re : &1 ++ & such that the following relational
homomorphism condition holds:

Rgiso C s Ry and Reito Ct1sRar

This definition is easily generalised to arbitrary many-sorted algebras. In general,
algebras with such relational homomorphisms give rise to allegories, while unary
algebras, also called graph structures, give rise to Dedekind categories.

The following example of a relational graph homomorphism is neither total
nor univalent:

——> Phi —>

In a Dedekind category of relational graph structure homomorphisms, conven-
tional graph structure homomorphisms are recovered as the mappings in these
Dedekind categories, that is, as total and univalent relational graph structure
homomorphisms.

Pushouts and pullbacks of mappings in Dedekind categories have nice rela-
tional characterisations; there are even useful generalisations that correspond to
starting from the diagonals U := P75Q resp. V := R:S™.

A9 ¢ pE 5




A Relation-Algebraic Approach to Graph Structure Transformation 9

The generalisation of pullbacks is called tabulation by Freyd and Scedrov [FS90,
2.14] and is defined already in allegories; we slightly rearrange the conditions:

Definition 3.1 In an allegory D, let V : B < C be an arbitrary relation.
The span B+L— A—“+Cin the allegory D (i.e., P and Q are not yet specified
as mappings) is a direct tabulation for V iff the following equations hold:

- P5P =domV - -
PsQ=V - om PP NQQ =1 0
QQ =ranV

For pushouts, the following conditions have first been stated by Kawahara
[Kaw90], working directly with P7:() instead of with U:

Definition 3.2 In a Dedekind category D, let U : B < C be an arbitrary
relation.

The cospan B £, D5 ¢ in the Dedekind category D is a direct gluing
for U iff the following equations hold:

R:R™ = (UsU™)*

RS =Us(UU)* 857 — (UU)"

RGSRUSHS =1 O

A tabulation for a universal relation is a direct product, and a gluing for an
empty relation is a direct sum. Although the usual relational characterisation
of direct sums is dual to that of direct products, the gluing conditions cannot
be obtained from the tabulation conditions via naive relational dualisation. The
reason for this is that for a cospan B—f~D<2-C of mappings, the relation
R:S™ is always difunctional (and this difunctionality is recovered via Us(U U )*,
which is the difunctional closure of U), while for a span B~ A—4.C the
relation P70} can essentially be arbitrary.

For our relational rewriting concept we are going to use a construction that can
be understood as amalgamated from a pushout and a pullback.

This construction starts with a span R«2—G—=»H of two relational mor-
phisms, and in addition a partial identity ug T Ig designating the éinterface
component of the gluing object G. From this interface component, one may cal-
culate the variable (or parameter) component v as the smallest partial identity
such that ug Ll vy = Ig; we call this a semi-complement.

An intuitive explanation of the amalgamated construction is to start with
producing a pushout for the interface parts up® and ug:=, and a pullback for
the converses of the parameter parts, i.e., for 7wy and Z7ug. Then the two
result objects have to be glued together along a gluing relation B induced by
the restrictions of the pushout and pullback morphisms to the borders between
interface and parameter parts.



10 W.Kahl

One may observe that with this construction, most of the details about ¢ and
= are completely irrelevant, and we only need access to the resulting parameter
and interface parts. In the spirit of the definitions of tabulations and gluings, we
therefore can abstract away from ¢ and =, and substitute

U:i=® ug= , V=@ wy= .

With a few interface preservation conditions that we leave out here, this setup
allows to define that a cospan Gy —X>G3<LG2 is called a glued tabulation for
V along U on ¢; and co (where ¢; and ¢ are partial identities comprising the
respective interface parts and contexts) iff the following conditions hold:

X0~ = Us(U~ »U) L Vv
XX~ = e (UsU )¢ L domV
14/ = e (U0 ) 55e U ran V'
T = (X~ vcle Ly »CQ»EP) U (X0 X NP 0e0) O

Starting with a span R~2-G—=+% anda partial identity uy C Ig designating
the interface component, a glued tabulation for V along U as defined above is
called a pullout for R+2—(G,ug)—=>H.

Obviously, the pullout conditions are an amalgamation of the gluing and tab-
ulation conditions. In addition, the construction sketched above satisfies these
conditions.

The ease with which this amalgamation is possible is the essential advantage
of the relational approach.
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Once we have pullouts, we naturally obtain a double-pullout approach to rewrit-
ing.

A double-pullout rule consists of left- and right-hand side morphisms as usual,
but these are now relational morphisms; and the rule has an additional compo-
nent: a partial identity ug on the gluing graph that indicates the interface. The
following is an example rule, where the interface consists only of the top-most

node:
€————PhiL €—— ————>PhiR———— 3 Q

Everything besides the interface is considered as parameter, and we see that the
right-hand side of the example rule duplicates the parameter part.

A redex is a relational graph morphism, too, and is restricted to be total and
univalent besides the parameter part. (For simplicity, we ignore further more
technical conditions.) It may map the parameter part to a larger subgraph, as
in the following example, where the redex relation X, is univalent only on the

interface part:
“0\
[ €——— il €— > PhHR——— 3 Q

The host construction can easily be expressed using relation-algebraic construc-
tions. Here, the rule’s left-hand side &, is univalent on the parameter part,
which allows us to use essentially the same host construction that was identified
by Kawahara [Kaw90] for the double-pushout approach. (If the rule’s left-hand
side @, is not univalent on the parameter part, then the rule can be applied only
if the redex documents appropriate replication of the respective parameter parts,

Chil
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which is equivalent with the existence of a certain partial equivalence relation ©
on the application object A. In such cases a non-trivial pullback complement has
to be constructed for the parameter part; this becomes easy once © has been

identified.)
UO\

[€———PhiL €—— > PhHR—— 3

€—Psil

For the result, the parameter part is replicated according to the prescription of
the rule’s right-hand side:

[ €—————PhiL

Chil

Psil «

This concludes the application of the double-pullout rule. Although we have
oriented our nomenclature and the direction of the morphisms at the double-
pushout approach, it should be obvious that this choice is really arbitrary since
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the double-pullback approach is embedded in our approach to an equal extent;
the pullback component made the replication of the parameter possible while the
pushout component guaranteed the rigid matching of the interface component.

In the next picture we show an example how one may use a single rule to achieve
several effects at once. This time, we use directed hypergraphs: besides nodes
(big octagons) and edges (big squares), we now also have source- and target-
tentacles (small upwards and downwards triangles) going from nodes to edges
and vice versa.

Starting from the left-hand side of the rule, we see that the upper and lower
“ridges” are preserved, but the vertical “bridge” in the middle of the left-hand
side is deleted. Furthermore, the left and right parts of the left-hand side each
contain a unit hypergraph and act as parameters; the left parameter is deleted.

In the right-hand side, we see that the two nodes the left parameter was
incident with are identified. Furthermore, the right parameter is duplicated, and
the “new copy” is connected with the “original copy” via two new edges.

In the example application of this rule, we only show the matching and result
morphisms, and omit the host part for the sake of readability.
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4 Conclusion

We have introduced an abstract approach to graph structure transformation
that is based on the language of relations and leads to a rewriting concept where
rewriting rules can contain parameters as well as “rigid” parts, and can specify
not only addition and deletion of the rigidly mapped parts, but also deletion
or replication of the parts matched to parameters, thus giving rise to a useful
“graph variable” concept.

The important point of the presented work is that we are able to specify this
kind of rewriting with fully abstract definitions that never need to mention edges
or nodes. Nevertheless, we obtain a rewriting concept that unifies the intuitive
elegance of the pushout approaches with the expressive and replicative power of
the pullback approaches. This is made possible by working in a relation-algebraic
setting, which, we claim, is the right level of abstraction for specifying graph-
structure transformation.
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Abstract. In this paper, we carry out the modal analysis of emptiness
through a modal logic which modalities correspond to emptiness rela-
tions in property systems. We mainly address the questions of axioma-
tization/completeness and decidability /complexity of our modal logic.

1 Introduction

The concept of informational relation has been introduced by Pawlak [10]
within the context of attribute systems — knowledge-based systems which de-
scribe objects in terms of attributes — and Vakarelov [I6] within the con-
text of property systems — knowledge-based systems which describe objects
in terms of properties. It has been furthered by Demri [2], Demri, Ortowska and
Vakarelov [3], Orlowska [6]7], Ortowska and Pawlak [9] and Vakarelov [I3|[T4J15]
T6] who have considered the questions of axiomatization/completeness and decid-
ability /complexity of modal logics which modalities correspond to informational
relations. The aim of these logics is to provide a formal method for reasoning
about uncertain knowledge discovered from attribute systems or property sys-
tems.

All the informational relations in attribute systems and property systems are ei-
ther indistinguishability relations or distinguishability relations. Indistinguisha-
bility relations indicate the way objects share attributes or properties whereas
distinguishability relations indicate the way attributes and properties differenti-
ate objects. This paper is devoted to the modal analysis of emptiness relations
in property systems. We give in section [ the formal definition of emptiness
relations in property systems. We provide a mathematical definition of the syn-
tax and semantics of our modal logic in section Bl where we mainly address the
questions of completeness and decidability. In section ] we show that the satis-
fiability problem for any given formula of our modal logic requires polynomial
space whereas in section Bl we show that the satisfiability problem for any given
formula of our modal logic is decidable in polynomial space.

2 Emptiness Relations

Adapted from Vakarelov [16], a property system will be any algebraic structure
(Obj, Pro, f) where:

H. de Swart (Ed.): RelMiCS 2001, LNCS 2561, pp. 15-B34] 2002.
© Springer-Verlag Berlin Heidelberg 2002



16 P. Balbiani

— Obj is a nonempty set of objects;
— Pro is a nonempty set of properties;
— f is a function with domain Obj and range the power set of Pro.

The property system (Obj, Pro, f) will be defined to be non-trivial if for all
x € Obj, f(x) # 0 and f(z) # Pro. We should consider, for example, the
property system S = (Obj, Pro, f) defined as follows. Define:

- Obj is {Ann, Bob, Cindy, Daniel, Emma};
- Pro is {Arabic, Bulgarian, Castilian, Dutch, English};
- f is the function defined by table[Il

Table 1. Example of a property system.

Ann Bob Cindy Daniel Emma

{Arabic, {Arabic, {Arabic, {English} {Castilian,

Bulgarian, Bulgarian, Bulgarian} Dutch,

Castilian} Castilian, English}
Dutch}

Property systems constitute the starting point for the formal examination of
sentences of the form “object x is indistinguishable from object y” or sentences
of the form “object z is distinguishable from object 3”. In this respect, the
emptiness relations might play an important role. Given any property system
S = (Obj, Pro, f), the emptiness relations over S are defined by the following
universal conditions:

x =<gyiff f(z) N fly) =
x Agyiff f(z) N fy) =0

z =gy iff f(z) N fy) = 0;

z sy iff f(z) N fy) =0

Within the context of attribute systems, Orlowska [§] has named “forward in-
clusion”, “backward inclusion”, “right orthogonality”, “left orthogonality” our
emptiness relations <g, =g, Ag, V5. The property system of table [ is such
that Ann <g Bob, Ann =g Cindy, Ann Ag Daniel and Ann \ys Emma. We
leave it to the reader to prove the following lemma.

Lemma 1. Let S = (Obj, Pro, f) be a non-trivial property system. The follow-
ing universal conditions are satisfied.
T 25 T;

If v sy theny =g x;

If t <gy and y =g z then x <g z;
If t <gy and y Ag z then x Ng z;
rAgx;

If t Agy then y Ag x;

If t Agy and y =g z then x Ng z;
Ifx Asy and y /s z then x <g z;

T =S T

If v =5y theny <5 x;

Ifv=sy andy =5 z then x >=g z;
If v =5y and y /s z then x /s z;
AV

If x<7sy theny Vs x;

If t~\ysy and y <g z then x /s z;
Ifx~ysy andy Ag z then x =g z.
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Lemma [1l motivates the following definition. An emptiness structure will be any
relational structure (W, <X, =, A, /) where:

— W is a nonempty set of possible worlds;
— =, =, A, v7 are binary relations on W subject to the universal conditions of
lemma [

The following theorem explains the connection between emptiness structures and
non-trivial property systems.

Theorem 1. (Characterization theorem for emptiness structures) Let
(W, =, =, A,v7) be an emptiness structure. There is a non-trivial property system
S = (Obj, Pro, f) such that Obj = W and the following universal conditions are
satisfied.

xAsy iff v Ay; rsy iffrvy.

Proof. Tt follows immediately from the definition that the following universal
conditions are satisfied:

Tz =2 x; T =T

If x <y then y = x; If x = y then y <X x;

If r <y andy <z then z < z; Ifx >yand y = z then z > z;
If Ay then zAx; If 257y then zv/z;
:I:Zxorzjy; x§xorzty;

If Ay then yAw; If 27y then yvyz;

If zAy and y < z then xAz; If 237y and y > z then xv/2;
ny or y§z orxr = z; x§y or yZz or r = z.

By Vakarelov [I6], there is a property system S = (Obj, Pro, f) such that Obj =
W and the following universal conditions are satisfied:

r2gyiff x 2 y; sy iff x =y
xAgy iff x Avy; rvysy iff 7 y.

In view of the fact that for all z € W, Az and x5/, for all z € Obj, f(z) # 0
and f(z) # Pro. Consequently S is non-trivial.

3 Modal Analysis

Let us be clear that our emptiness relations are nothing but the relations of
informational inclusion and the complementary relations of the relations of sim-
ilarity introduced by Vakarelov [16]. In this section, their modal analysis is
presented for the very first time. An abstract structure will be any structure
(W, =, =,/\,v,=, R) where:

— W is a nonempty set of possible worlds;
— =, =, A, v7 are binary relations on W subject to the universal conditions of
lemma, [T}
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— =, R are binary relations on W subject to the following universal conditions:
e x=yiff x <y and x > y;
e zRyiff t Ay and z vy y.

The proof of the following lemma is left as an exercise for the reader.

Lemma 2. Let (W, X, =,A,v7,=,R) be an abstract structure. The following
universal conditions are satisfied.

If x =y then x < y; If xRy then x A y;

If x =y then x = y; If xRy then x <7 y;

T =x;

If t =y then y = x; If xRy then yRzx;

Ifx=y andy=z then x = z; If xRy and y = z then xRz;
If t =y and yRz then Rz, If xRy and yRz then x = z.

Lemma Pl motivates the following definition. A nonstandard abstract structure
will be any structure (W, <, =, A, v/, =, R) where:

— W is a nonempty set of possible worlds;

— =, =, A, v/ are binary relations on W subject to the universal conditions of
lemma [ but the universal conditions “xAz”, “xyz”;

— =, R are binary relations on W subject to the universal conditions of lem-

mal[2

The linguistic basis of our modal logic is the propositional calculus enlarged with
the modalities [<], [=], [A], [V], [=], [R]. We define the set of all formulas as
follows:

—Au=p|-A|(AVB)[[Z]A| [Z]A][AJA[[V]IA | [ElA ] [R]A;

where p ranges over a countably infinite set of propositional variables. The
other standard connectives are defined by the usual abbreviations. In particular,
(VA is ~[<]A, (2)A is ~[=]-A, (AVA is ~[A]-A, (v)A is —[v]-4, (=)A
is =[=]-4, (R)A is =[R]-A. We follow the standard rules for omission of the
parentheses. The number of occurrences of symbols in formula A is denoted
length(A). A model (respectively: a nonstandard model) will be any structure
(W, =,=,A,v,=,R, V) where:

- (W, =, =,A,v/,=, R) is an abstract structure (respectively: a nonstandard
abstract structure);

— V is a function with domain the set of all propositional variables and range
the power set of W.

Let M = (W, <X, =,A,v,=, R, V) be either a model or a nonstandard model.
We define the relation “formula A is true at possible world z in M”, denoted
M,x = A, as follows:

- M,z Epiff € V(p);

- M,z |E-Aiff M,x £ A
-MacEAVBit Mz =Aor M,z E B;

- M,z = [X]Aiff for all y € W, if z <y then M,y |= A;
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_va':[
'va):[
-M,x)z{

[

1Y

JA iff for all y € W, if x = y then M,y | A;
JA iff for all y € W, if @ A y then M,y | A;
JA iff for all y € W, if & 7 y then M,y | A;
JA iff for all y € W, if x =y then M,y | A;
JA iff for all y € W, if xRy then M,y = A.

< >

- Mz
- Mz

=

Let LER — logic of emptiness relations — be the smallest normal modal logic
that contains the following axioms:

[=<]4 — 4 [=]A — 4

A (<)) A A [7](=) 4
[=]A = [=][=]4; [=]A = [=][=]4;
[AJA — [=][A]A4; (VIA = [=][V]4;
A= [A[D)A; A= [VIV) 4
[AJA = [A][=]4; [V]IA = [V][=]4;
[=]A = [A][V]4; [(=]A = [V][A]4;
[=]A = [=]4; [A]A — [R]A;
[=]A = [E]4; [V]A = [R]A;
[=]A — A

A = [=](=)A; A — [R](R) A;
=4 = [E][E]4; [R]A — [R][=]4;
[R]A — [=][R]4; [=]A — [R][R]A

A typical result is the following.

Theorem 2. (Completeness theorem for LER) LER is complete with re-
spect to the class of all models, the class of all finite nonstandard models and the
class of all nonstandard models, i.e. the following conditions are equivalent.

1. A is true at all possible worlds in all models;

2. A is true at all possible worlds in all finite nonstandard models;
3. A is true at all possible worlds in all nonstandard models;

4. A is a theorem of LER.

Proof. ([[limplies2)): Let M = (W, =, >=,/A,v,=, R, V) be a finite nonstandard
model and M’ = (W' %', =" AN 7/, =", R, V') be the structure defined as fol-
lows. Define:

— W'is W x Z* x 7™,

— For all z,y € W, for all i1,iy € Z* and for all ji,jo € Z*, (x,i1,i2) =’
(y,j1,72) iff © <y, i1 = j1, 92 = j2 and if i3 = jo then ax = y;

— For all z,y € W, for all i1,iy € Z* and for all ji,jo € Z*, (x,i1,i2) =’
(y,j1,72) iff © =y, i1 = j1, i2 = jo and if iy < jo then z = y;

— For all z,y € W, for all i1,is € Z* and for all j1,jo € 7", (x,i1,12) A
(y,j1,72) iff © Ay, i1 = —j1, ia X —jo and if iy = —j then zRy;

— For all z,y € W, for all i1,iy € ZZ* and for all ji,jo € Z*, (x,i1,12) V'
(y,jl,jg) lﬁIvy, il = —j17 iQ ~ —jg and if iQ = —j2 then .IRy7

— For all z,y € W, for all i1,i5 € Z* and for all jy,jo € 7ZZ*, (z,i1,12) =’
(y,jl,jg) iff v = Y, i1 = jl and ’ig ng;
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— For all z,y € W, for all 41,15 € ZZ* and for all j1, jo € ZZ*, (x,i1,i2) R (y, j1,
J2) iff xRy, i1 = —j; and iy = —jo;
— For all propositional variables p, V'(p) is V (p) x ZZ* x 7*.

It is a simple matter to check that M’ is a model. Moreover, M is a p-morphic
image of M’ i.e., the following conditions are satisfied:

— For all z,y € W, for all i1,is € Z* and for all ji,jo € Z*, if (z,41,42) =’
(y,j1, j2) then = < y;

— For all z,y € W, for all i1,iy € ZZ* and for all jy,jo € Z*, if (z,41,i2) =’
(yajhj?) then = Y3

— For all z,y € W, for all i1,iy € Z* and for all jy,jo € Z*, if (z,41,i2) A
(yajlan) then z A Y3

— For all z,y € W, for all i1,i2 € Z* and for all j1,j2 € Z*, if (x,i1,i2) V
(Y, J1,J2) then z 7 y;

— For all z,y € W, for all i1,iy € ZZ* and for all jy,jo € Z*, if (z,41,i2) =’
(4,71, J2) then x = y;

— For all z,y € W, for all i1,io € 7ZZ* and for all ji,j, € Z*, if
(xa i17i2)R/(y7j17j2) then ny?

!

and the following conditions are satisfied:

— For all z,y € W and for all iy,iy € Z*, there is j1,jo € Z* such that if
T j Y then ($7i17i2) j/ (yujth);

— For all z,y € W and for all iy,i5 € Z*, there is j1,jo € Z* such that if
x t Yy then (x7i17i2) i/ (y7j17j2);

— For all z,y € W and for all 41,15 € ZZ*, there is ji, jo € ZZ* such that if z Ay
then (:1777;137:2) A/ (y7j17j2);

— For all z,y € W and for all 41,15 € ZZ*, there is j1,jo € Z* such that if x5/ y
then (xvilviQ) V/ (yvjlva);

— For all z,y € W and for all iy,i5 € Z*, there is j1,jo € Z* such that if
rT=Y then (x7i17i2) = (yﬂjla.j?);

— For all z,y € W and for all i1,y € ZZ*, there is j1, jo € Z* such that if xRy
then (I’7i1ai2)R/(y’j1aj2)'

As a consequence, see Hughes and Cresswell [4], if A is true at some possible
world in M then A is true at some possible world in M’.

implies B): Let M = (W, <X, =,A,v,=,R,V) be a nonstandard model and
M = (W' <= AN 7', =", R, V') be the structure defined as follows. We de-
fine the smallest set I'4 of formulas such that:

-Ac FA;
- I'y is closed under subformulas.

It should be remarked that Card(I'4) < length(A). Let =4 be the equivalence
relation on W defined as follows. For all z,y € W, define:

— ¢ =4 y iff for all formulas B, if B € I'y then M,z = B ifft M,y = B.

For all z € W, the equivalence class of x modulo =4 is denoted x—,. The
quotient set of W modulo =4 is denoted W|—,. For all propositional variables
p, the quotient set of V(p) modulo =4 is denoted by V(p)|—,. Define:

[=a
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W'is Wi—,;
For all z,y € W, 21—, =" y—, iff fo

o If M,z = [<]B then M,y = [<X]B

o If M x = [A]B then M,y = [A]B;
o If M,y =[=]B then M,z = [~]B;
o If M,y = [V]B then M,z = [V]B;
For all 2,y € W, -, =" y—, iff for all formulas B, if B € I'4 then:
o If M,z = [~]|B then M,y = [~]B;
o If M,z |=[V]B then M,y = [V]B;
o Tt M,y = [<]B then M,z = [<]B;
o If M,y = [A]B then M,z = [A]B
For all 2,y € W, 21—, A" y—, iff for all formulas B, if B € I'4 then:
o If M,z = [X]B then M,y E [v]B
o If M,z = [A]B then M,y = = ]
o If M,y = [ ]BthenMx':[v]B
o If My E=[A ]BthenM:z:):[t]B
For all 2,y € W, 21—, V' y—, iff for all formulas B, if B € I'4 then:
o If M,z = [=]B then M,y = [A]B;
o If M,z = [v]B then M,y = [X]B;
o If M,y = [>]B then M,z E [A ]B
o If M,y |=[v]B then M,z = [X]B
For all 2,y € W, 21—, =" y—, iff for all formulas B, if B € I'4 then:
o If M,z = [<]B then M,y = [<X]B;
o If M,z |= [=]B then M,y = [~]B;
o If M,z = [A]B then M,y E [A]B,
o If M,z | [v]|B then M,y = [v]B;
o If M,z = [=]|B then M,y = [=]B;
o If M,z = [R]B then M,y = [R]B7
o If M,y = [X]B then M,z = [<X]B;
o If M,y = [=]B then M,z = [~]B;
o If M,y = [A]B then M,z = [A]B;
o If M,y = [v]B then M,z = [v]B;
o If M,y = [=]B then M,z = [=]B;
e If M,y = [R]B then M,z = [R]B;
For all 2,y € W, -, R'y|—, iff for all formulas B, if B € I'y then:
o If Mz | [j]B then M,y = [V]B;
o If M,z = [=]B then M,y = [A]B;
o If M,z = [A]B then M,y = [=]B;
o If M,z |=[v]B then M,y = [X]B;
o If M,z = [=]|B then M,y | [R]B;
o If M,z |= [R]B then M,y = [=]B;
o If M,y = [X]B then M,z = []B;
o If M,y |=[=]B then M,z | [A]B;
o If M,y |=[A]B then M,z = [~]B;
o If M,y =[v]B then M,z = [X]B;
o If M,y = [=]B then M,z = [R]B;
o If M,y = [R ]Bthean):[E]B

<

For all propositional variables p, V'

ess Relations in Property Systems

r all formulas

(p) is V(p)=,

B, if B € I'4 then:

21
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It is a rather remarkable fact that M’ is a finite nonstandard model. The in-
teresting result is that M’ is a filtration of M, i.e., the following conditions are
satisfied:

For all 2,y € W, if x <y then -, =" y—,;
For all z,y € W, if & = y then 21—, =" y—;
For all 2,y € W, if # Ay then z—, A y—,;
— Forall z,y € W, if 2 7y then z—, 7' y|=,;
— Forallz,y € W, if x =y then z—, = y—,;
— For all z,y € W, if xRy then x|, R'y— ,;

and the following conditions are satisfied:

— For all 2,y € W and for all formulas B, if z—, <’ y—,, B € I'4 and
M,z | [<]|B then M,y = B;

— For all z,y € W and for all formulas B, if x—, =" y—,, B € 'y and
M,z |= [=]B then M,y = B;

— For all 2,y € W and for all formulas B, if z—, A y—,, B € I'yx and
M,z | [A]B then M,y = B;

— For all z,y € W and for all formulas B, if z—, V' y—,, B € I'a and
M,z = [v]B then M,y = B;

— For all 2,y € W and for all formulas B, if x—, = y-,, B € I'4 and
M,z = [=]|B then M,y = B;

— For all z,y € W and for all formulas B, if z|—, R'y|—,, B € I'a and M,z |=
[R]B then M,y = B.

As a consequence, see Hughes and Cresswell [4], if A is true at some possible
world in M then A is true at some possible world in M’.

(Blimplies El): The proof can be obtained by the canonical model construction.
(@ implies [[)): The proof is trivial because models satisfy the conditions which
are needed to verify the axioms of LER.

We now turn our attention to the decidability of the satisfiability problem for
any given formula of LER.

Theorem 3. (Decidability theorem for LER) The satisfiability problem for
any giwen formula of LER is decidable.

Proof. By theorem 2] LER is a finitely axiomatizable normal modal logic which
has the finite model property. As a consequence, the satisfiability problem for
any given formula of LER is decidable.

A less obvious result concerns the inherent difficulty of the satisfiability problem
for any given formula of LER. What we have in mind is to prove that the sat-
isfiability problem for any given {[=], [R]}-free formula A of LER is PSPACE-
complete in length(A). We outline how this result can be proved, but leave the
details to the rest of the paper. In section Bl we show how the satisfiability
problem for any given formula of S4 can be linearly reduced to the satisfiability
problem for any given {[=], [R]}-free formula of LER. In section[5, we show how
the satisfiability problem for any given {[=], [R]}-free formula of LER can be
solved by means of a polynomial-space bounded nondeterministic algorithm.
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4 PSPACE-Hardness

We define the set of all formulas of 54 as follows:
-Au=p|-A|(AV B) |04

where p ranges over a countably infinite set of propositional variables. We follow
the standard rules for omission of the parentheses. The number of occurrences of
symbols in formula A of S4 is denoted length(A). A model of S4 is a structure
(W,],V) where:

- W is a nonempty set of possible worlds;
- | is a binary relation on W such that for all z,y € W
- x|
-Ifz|yandy|zthen z | z;
- V is a function with domain the set of all propositional variables and range
the power set of W.

Let M = (W,|,V) be a model of S4. We define the relation “formula A of 54 is
true at possible world = in M”, denoted M,z |= A, as follows:

- M,z Epiff z € V(p);

- M,z |E-Aiff M,x [ A
-M,acEAVBit Mz =Aor M,z E B;

- M,x =0Aiff for all y e W, if z | y then M,y = A.

Let ¢ be the function that assigns to each formula A of S4 the {[=], [R]}-free
formula t(A) of LER as follows:

—t(
—t(
—t(
—t(

The interesting result is the following.

Lemma 3. For all formulas A of S4, the following conditions are equivalent.

1. A is true at some possible world in some model of S4;
2. t(A) is true at some possible world in some model of LER.

Proof. ([l implies 2)): Let M = (W,],V) be a model of S4 and M' = (W', </,
= AN 7', V') be the structure defined as follows. Define:

- Wis Wi

-Forallz,ye W,z <"y iff z | y;
-Forallz,ye W,z ="y iff y | x;

- Forall z,y € W, zAy;

- Forall m,y € W, ov/y;

- For all propositional variables p, V'(p) is V(p).
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Tt is a simple matter to check that M’ is a model of LER. The reader may easily
verify by induction on the length of formula A of S4 that if A is true at some
possible world in M then #(A) is true at some possible world in M’.
@limplies[l): Let M = (W, =<,>,A,v,V) be a model of LER and M’ = (W',
I, V') be the structure defined as follows. Define:

- Wis W;
-Forallz,y e W, z |y iff z < y;
- For all propositional variables p, V'(p) is V(p).

It is a rather remarkable fact that M’ is a model of S4. The reader may easily
verify by induction on the length of formula A of S4 that if t(A) is true at some
possible world in M then A is true at some possible world in M.

Seeing that the satisfiability problem for any given formula A of S4 is PSPACE-
hard in length(A), see Ladner [5], we infer immediately the following.

Theorem 4. (PSPACE-hardness theorem for LER) The satisfiability
problem for any giwen {[=],[R]}-free formula A of LER is PSPACE-hard in
length(A).

5 PSPACE-Completeness

Following the line of reasoning suggested by Spaan [12], let Cl be the function
that assigns to each string w € {=, >, A, v }* and to each {[=], [R]}-free formula
A of LER the smallest set Cl(w, A) of {[=], [R]}-free formulas of LER as follows:

_ A€ Clle, A);
- Cl(w, A) is closed under subformulas;
- For all {[=], [R]}-free formulas B of LER:
If [<]B € Cl(w, A) then [X]B € Cl(w =<, A) and [v]B € CI(
|B € Cl(w, A) then [*]B € Cl(w =, A) and [A]B € Cl(w
A]B € C’l( A) then [A]B € Cl(w =, A) and [=]B € Cl(wA,
A) then []B € Cl(w =, A) and [X]B € Cl(wv,

e o o
—
—

where e denotes the empty string. The following lemma is basic.
Lemma 4. Let A be a {[=], [R]}-free formula of LER.

- Card(Cl(e, A)) < length(A);

- Card(Cl(=,A)) <length(A);

- Card(Cl(=, A)) < length(A);

- Card(Cl(A, A)) < length(A);

- Card(Cl(s7,A)) < length(A);

- For all strings w € {=, =, A, 7 }*:
e Card(Cl(w =%=,4)) = Card(Cl(w =, A));
o Card(Cl(w <>=,A4)) < Card(Clw =, A));
o Card(Clw = A, A)) = Card(Cl(w <, A));
o Card(Cl(w <X v,4)) < Card(Cl(w =, A));
o Card(Cl(w ==,4)) < Card(Cl(w =, A));
e Card(Cl(w ==, A)) = Card(Cl(w =, A));
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e Card(Cl(w = A,A)) < Card(Cl{w =, A));
o Card(Cl(w » v7,A)) = Card(Cl(w =, A));
o Card(ClwA =%, A)) < Card(Cl(wA, A));
o Card(Cl(wA =, A)) = Card(Cl(wA, A));
o Card(Clw A A, A)) < Card(Cl{wA, A));
o Card(Cllw A vy, A)) =Card(Cl(wA, A));
o Card(Cllwy =%,4)) = Card(Cl(wvA)),
o Card(Cl(wy =, A)) < Card(Cl(wsy, A));
o Card(Clw<y A, A)) = Card(Clwsy, A));
o Card(Cllwv v,A4)) < Card(Cl(wvy, A)).

Proof. We first observe that Cl(e, A) is the set of all subformulas of A. As a
consequence Card(Cl(e, A)) < length(A). It is a simple matter to check that
Cl(=,A) does not contain more formulas than Ci(e, A). Hence we have
Card(Cl(=%,A)) < length(A). Similarly Card(Cl(>=,A4)) < length(A),
Card(Cl(A,A)) < length(A) and Card(Cl(s7,A)) < length(A). It is a
rather remarkable fact that Cl(w <=, A) does not contain less formulas than
Clw =, A). Hence we have Card(Cl(w ==,A4)) = Card(Cl(w =<,A)). Sim-
ilarly Card(Cllw =< A,A)) = Card(Cllw =,4)), Card(Cllw ==,4)) =
Card(Cllw =,A)), Card(Cllw = ,A4) = Card(Cllw =,A)),
Card(Cl(wA =, A)) = Card(Cl(wA, A)), Card(Cl(w A7, A)) = Card(Cl(wA,
A)), Card(Cllwy =,4)) = Card(Cllw v A)) and Card(Cllw v A, A)) =
Card(Cl(wv/, A)). The reader can readily check that Cllw =>,A) con-
tains less formulas than Cl(w =<, A). Hence we have Card(Cllw =<+,A)) <
Card(Cl(w =,A)). Similarly Card(Cllw = v,4)) < Card(Cllw =,A)),
Card(Cllw »==,4)) < Card(Cllw =,A)), Card(Cllw = AA) <
Card(Cl(w =,4)), Card(Cllw) =<,4)) < Card(Cl(wA, A)),
Card(Cllw AN A)) < Card(Cl(wA, A)), Card(Cl(wsy =, A)) < Card(Cl(wvy,
A)) and Card(Cl(w 7 7, 4)) < Card(Cl(ws/, A)).

To continue we introduce the function depth that assigns to each string w €
{X,=,A,7}* the positive integer depth(w) as follows:

- depth(e) =

- depth(=) =

- depth(=) =

- depth(A) =

- depth(v7) =

- For all strings we {220, v
o depth(w <<) = depth(w =);

=
=

o depth(w <) = depth(w =) + 1;

o depth(w =< A) = depth(w X);

e depth(w = V) = depth(w =) + 1;
o depth(w ==) = depth(w =) + 1;
e depth(w ==) = depth(w »);

o depth(w = A) = depth(w =) + 1;
e depth(w = 7) = depth(w =);

o depth(wA <) = depth(wA) + 1;
o depth(wA ») = depth(wA);
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depth(w A A) = depth(wA) + 1;
depth(w A7) = depth(wA);
depth(wvy =) = depth(wv);

depth(w 7 A) = depth(wvy);
depth(w 7 V) = depth(wsy) + 1.

(
E
depth(wsy =) = depth(wyy) + 1;
(
(

For our purpose, the crucial property of the function depth is the following.

Lemma 5. For all stringsw € {=X, =, A, }* and for all {[=], [R]}-free formulas
A of LER, if depth(w) > length(A) then Cl(w, A) = 0.

Proof. The proof is conducted by induction on the length of {[=], [R]}-free for-
mula A of LER.

Basis: Let p be a propositional variable. For all strings w € {=, =, A,/ }*, if
depth(w) > length(p) then depth(w) > 1. Hence Cl(w,p) = 0.

Hypothesis: Let B,C be {[=], [R]}-free formulas of LER such that for all
strings w € {=X, =, A, v }*, if depth(w) > length(B) then Cl(w, B) = 0 and
if depth(w) > length(C) then Cl(w,C) = 0.

Step: For all strings w € {=X,=,A,v}*, if depth(w) > length(-B) then
depth(w) > length(B). It follows that Cl(w,B) = 0 and Cl(w,—B) C
Cl(w, B). Therefore Cl(w,—B) = 0.

For all strings w € {=, =, A, 7}*, if depth(w) > length(BVC) then depth(w) >
length(B) and depth(w) > length(C). It follows that Cl(w, B) = (), Cl(w, C)
={ and Cl(w, BV C) C Cl(w, B) U Cl(w, C). Therefore Cl(w, BV C) = 0.

For all strings w € {=X, =, A,/ }*, if depth(w) > length([<X]B) then depth(w) >
length(B). Tt follows that there is a string o’ € {=,=, A, }* such that
w=uw rorw=uwgyow=uw mrXorw=uw=Aorw=uwA=<or
w=w AN orw=w = orw=w v v. Suppose that w = w’ <>. Hence
depth(w’ <) > length(B). It follows that Cl(w’ =%, B) = 0 and Cl(w, [X]B) C
Cl(w" =, B). Therefore Cl(w,[=]B) = (). The same line of reasoning applies
fo=w=Xyow=wr==ocw=uw>Aocrtw=uwA=Xorw=w AA
orw=wvyrorw=uwyYv.

For all strings w € {=X,=,A,v}*, the same line of reasoning applies if
depth(w) > length([=]B) or depth(w) > length([A]B) or depth(w) >
length([</]B).

Let S be a set of {[=], [R]}-free formulas of LER and A be a {[=], [R]}-free for-
mula of LER. A (=, A)-witness of S will be any set T of {[=], [R] }-free formulas
of LER such that A ¢ T and for all {[=], [R]}-free formulas B of LER:

- If
- If
- If
- If

=<|B € S then [X]|B € T;
AlB € S then [A]B € T
=|B € T then [~=]B € S,
v]B € T then [/]B € S.

A (=, A)-witness of S will be any set T' of {[=], [R]}-free formulas of LER such
that A ¢ T and for all {[=], [R]}-free formulas B of LER:
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If [=]B € S then [=]B € T;
- If [7]B € S then [v/|B € T;
If [<]B € T then [<]B € S;
- If [A]B € T then [A]B € S.

A (A, A)-witness of S will be any set T' of {[=], [R]}-free formulas of LER such
that A € T and for all {[=], [R]}-free formulas B of LER:

If [A]B € S then [=]B € T;
If [<]B € S then []B € T;
- If [A]B € T then [=]B € S;
If [X]B € T then [y7]B € S.

A (v, A)-witness of S will be any set T' of {[=], [R]}-free formulas of LER such
that A € T and for all {[=], [R]}-free formulas B of LER:

If [7]B € S then [<]
If [-]B € S then [A]|B € T;
- If [v]B € T then [X]B € S;
If [-]B € T then [A]B € S.

To test the satisfiability problem for any given {[=], [R]}-free formula A of LER,
let SAT(A) be the nondeterministic algorithm defined as follows. Define:

BeT;

function SAT(A) returns Boolean

begin

for all subsets S of Cl(e, A) such that A € S do
WORLD(S,e, A)

if all these calls return false then return false

return true

end

where WORLD(L,w, A) is the nondeterministic algorithm defined as follows.
Our nondeterministic algorithm WORLD is similar to Spaan’s nondeterministic
algorithm S4;, — WORLD — a procedure developed by Spaan [12] to investigate
the inherent difficulty of the satisfiability problem for any given formula of S4,
— in the sense that we keep track of a list £ of sets of {[=], [R]}-free formulas
and a string w € {2, =, A, v }*. Define:

function WORLD(L,w, A) returns Boolean
begin
let S be last(L)
for all {[=], [R]}-free formulas B of LER such that =B € Cl(w, A) do
if ("B €S and Be S)or (—-B ¢S and B ¢ S) then return false
for all {[=], [R]}-free formulas B,C of LER such that BV C € Cl(w, A) do
if( BvCeSandBgSandC ¢ S)or (BVC g SandBe S)or(BVC ¢S
and C € S) then return false
for all {[=], [R]}-free formulas B of LER such that [<]|B € Cl(w, A) do
begin
if [X]B € S and B ¢ S then return false
if [X]B ¢ S and there is no T in £ such that T is a (=, B)-witness of .S then
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begin
for all subsets T of Cl(w =<, A) such that T is a (X, B)-witness of S do
if w=¢€orwis ended by = or A then WORLD(T,w =<, A) else
WORLD(LoT,w <, A)
if all these calls return false then return false
end
end
for all {[=], [R]}-free formulas B of LER such that [>=]|B € Cl(w, A) do
begin
if [=]B € S and B ¢ S then return false
if [=]B ¢ S and there is no T in £ such that T is a (>, B)-witness of S then
begin
for all subsets T' of Cl(w =, A) such that T is a (>, B)-witness of S do
if w=corwisended by < or 7 then WORLD(T,w =, A) else
WORLD(L o T,w =, A)
if all these calls return false then return false
end
end
for all {[=], [R]}-free formulas B of LER such that [A]B € Cl(w, A) do
if [A]B ¢ S and there is no T in £ such that T is a (A, B)-witness of S then
begin
for all subsets T' of Cl(wA, A) such that T is a (A, B)-witness of S do
if w=-¢€orwisended by > or A then WORLD(T,wA, A) else
WORLD(L o T,w/\, A)
if all these calls return false then return false
end
for all {[=], [R]}-free formulas B of LER such that [v/]B € Cl(w, A) do
if [V]B & S and there is no T in £ such that T is a (57, B)-witness of S then
begin
for all subsets T' of Cl(w</, A) such that T is a (v7, B)-witness of S do
if w=¢orwisended by < or 57 then WORLD(T,ws/, A) else
WORLD(LoT,wy,A)
if all these calls return false then return false
end
return true
end

where last(L) denotes the last element of £ and £ o T denotes the list obtained
by extending £ with T'. The following lemma is basic.

Lemma 6. For all {[=], [R]}-free formulas A of LER and for all subsets S of
Cl(e, A), the following conditions are equivalent.

1. WORLD(S,€, A) succeeds;

2. There is a model M = (W, =<,=,/A,~7,V) of LER and there is a possible
world x € W such that for oll {[=],[R]}-free formulas B of LER, if B €
Cl(e,A) then M,z =B iff B€ S.

Proof. (@M implies B): Suppose WORLD(S, ¢, A) succeeds and let M = (W, <,
=, N\, <7, V) be the structure defined as follows. Define:
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- W is the set of all pairs (T, w) for which there is a finite sequence (Lg, wq), - - - ,
(Lk,wk) such that:
- Lo =5 and wy = ¢
- last(Lk) =T and wg = w;
- For all positive integers k, if k < K then WORLD(Ly,,wy, A) is success-
fully called in WORLD(S, ¢, A) at some depth of the recursion;
- For all positive integers k, if k < K then WORLD(Ly11,wk+1,A4) is
called by WORLD (L, wi, A);
- For all (T,w),(T",w') € W, (T ,w) < (T',w’) iff there is a finite sequence
(Lo, wo)s -, (Lx,wk) such that:
- Lo= 5 and wg = ¢
- last(Lg) =T and wg = w;
- For all positive integers k, if K < K then WORLD (L, wy, A) is success-
fully called in WORLD(S, e, A) at some depth of the recursion;
- For all positive integers k, if k < K then WORLD(Ly11,wk+1,A4) is
called by WORLD(Ly,wy, A);
and there is a finite sequence (Lj,wy), ..., (L%, wi/) such that:
- Li=5and w), =€
- last(Lhy,) =T and W, = W';
- For all positive integers k, if k¥ < K’ then WORLD(L),,wj,, A) is suc-
cessfully called in WORLD(S, €, A) at some depth of the recursion;
- For all positive integers k, if k& < K’ then WORLD(L]_ ,,wj ., A) is
called by WORLD(L},,w},, A);
and either (Lx,wr) = (L% ,wik) or WORLD(LY, wh., A) is called by
WORLD(Lk,wk, A) in the [<X]-segment or the finite sequence (L{,w}), . - -,
(L, wh) is a prefix of the finite sequence (Lo, wp),- .., (Lk,wk), the call
WORLD(Lk,wk, A) enters in the [<]-segment and there is a {[=], [R] }-free
formula B of LER such that [<]B € Cl(wk,A), [X|B ¢ T and T' is a
(=%, B)-witness of T}
- For all (T\w), (T",w') € W, (T ,w) > (T',u') iff there is a finite sequence
(Lo,wo), - (L, wk) such that:
- Lo= 5 and wg = ¢
- last(Lg) =T and wg = w;
- For all positive integers k, if k < K then WORLD(Ly,,wy, A) is success-
fully called in WORLD(S, ¢, A) at some depth of the recursion;
- For all positive integers k, if k < K then WORLD(Ly11,wk+1,A4) is
called by WORLD(Ly,wy, A);
and there is a finite sequence (L{,wy), ..., (L, w},) such that:
- Ly=Sand w =¢
- last(Lhy) =T and wh, = W';
- For all positive integers k, if k¥ < K’ then WORLD(L, ,wy,, A) is suc-
cessfully called in WORLD(S, €, A) at some depth of the recursion;
- For all positive integers k, if k& < K’ then WORLD(L]_ ,,wj 1, A) is
called by WORLD(L},,w},, A);
and either (Lx,wk) = (L%, wh) or WORLD(L, W, A) is called by
WORLD(Lk,wk, A) in the [=]-segment or the finite sequence (L{,wy}), . - -,
(L, wh) is a prefix of the finite sequence (Lo, wo),- .., (Lx,wk), the call
WORLD(Lk,wk, A) enters in the [=]-segment and there is a {[=], [R] }-free
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formula B of LER such that [=]B € Cl(wk,A), [=]B ¢ T and T' is a
(>, B)-witness of T}
For all (T,w), (T",w") € W, (T,w) — (T',w’) iff there is a finite sequence
(Lo,wo), -, (Lx,wk) such that:
- Lo= S5 and wg = ¢
- last(Lg) =T and wg = w;
- For all positive integers k, if K < K then WORLD (L, wy, A) is success-
fully called in WORLD(S, €, A) at some depth of the recursion;
- For all positive integers k, if k < K then WORLD(Ly11,wk+1,A4) is
called by WORLD(Ly,wy, A);
and there is a finite sequence (Lj, wp), - .., (L%, W) such that:
- Ly=Sand w =¢
- last(Ly,) =T and wh, = w';
- For all positive integers k, if & < K’ then WORLD(L},wj,, A) is suc-
cessfully called in WORLD(S, ¢, A) at some depth of the recursion;
- For all positive integers k, if & < K’ then WORLD(L]_ ,,wj ., A) is
called by WORLD (L), wy,, A);
and either WORLD (L., W), A) is called by WORLD(Lg,wk, A) in the
[A]-segment or the finite sequence (L, w(), . .., (L%, wk) is a prefix of the
finite sequence (Lo, wo), .- ., (Lx,wk), the call WORLD(Lk,wk, A) enters
in the [Al]-segment and there is a {[=], [R]}-free formula B of LER such that
[A]B € Cl(wgk, A), [A]B €T and T" is a (A, B)-witness of T';
For all (T,w), (T",w") € W, (T ,w) —~ (T',w’) iff there is a finite sequence
(Lo,wo), -, (Lx,wk) such that:
- Lo= S5 and wg = ¢
- last(Lg) =T and wg = w;
- For all positive integers k, if k < K then WORLD (L, wy, A) is success-
fully called in WORLD(S, €, A) at some depth of the recursion;
- For all positive integers k, if k < K then WORLD(Ly11,wk+1,A4) is
called by WORLD(Ly,wy, A);
and there is a finite sequence (Lj, wp), - .., (L%, Wk ) such that:
- Ly=Sand w =¢
- last(Ly,) =T and wh, = w';
- For all positive integers k, if & < K’ then WORLD(L},wj,, A) is suc-
cessfully called in WORLD(S, ¢, A) at some depth of the recursion;
- For all positive integers k, if & < K’ then WORLD(L]_ ,,wj ., A) is
called by WORLD(L},w},, A);
and either WORLD(L%/,wh, A) is called in WORLD(Lk,wg,A) in the
[V]-segment or the finite sequence (L, w(), . .., (L%, Wk ) is a prefix of the
finite sequence (Lo, wo), .- ., (Lk,wk), the call WORLD(Lk,wk, A) enters
in the [/]-segment and there is a {[=], [R]}-free formula B of LER such that
[V]B € Cl(wk, A), [V]B €T and T" is a (7, B)-witness of T}
For all propositional variables p, V(p) is the set of all (T, w) € W such that
peT.

Now the definition of M can be completed. Firstly define:
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- <pis<uUu>t
- rpis>U
- Ny is —uU—~1
- Yo iS/'\U/\i1

Secondly define for all positive integers k:

- Zpt1 18 (B 0 ) U (Ag o Vk);
- 1 IS (Zg 0 Zp) U (Vk 0 Ag);
- Ak—i—l is (jk OAk) (Ako >_k)
- Ukt I8 (Zk oVk) U (Vo =)

Thirdly define:

- =is U{=Xk: k is a positive integer};
- = is U{=x: k is a positive integer};
- Ais |J{Ak: k is a positive integer};
- v is U{Wvk: k is a positive integer}.
It is a simple matter to check that M is a model of LER. What is more one can

establish by induction on the positive integer k£ the remarkable result that for
all {[=], [R]}-free formulas B of LER and for all (T,w), (T",w') € W:

- If [=]B €T and (T,w) <k (T’ W) then [<]B € T";
-If [~]BeT and (T,w) =y (T’,w') then [>-]B € T,
- If [A]B €T and (T,w) jk (T",w') then [A]B € T’
-If[v]B €T and (T,w) = (T",w') then [v7]B € T";
- If[A]B €T and (T,w) Ak (T',w') then [=]B € T7;
- If [v]B € T and (T,w) Vi (T7,w') then [X]B € T";
- If [=]B €T and (T,w) Ay (T7, w’) then []B € T';
-If[=]BeT and (T,w) Vi (T',w') then [A]B € T".

It follows immediately by induction on the length of {[=], [R]}-free formula B
of LER that for all (T,w) € W, if B € Cl(w, A) then:

- M,(T,w)=Biff BET.

Hence we have that for all {[=], [R]}-free formulas B of LER, if B € Cl(e, A)
then:

_ M,(S.e)EBiff BeS.

(] implies[): The reader may easily prove by induction on the depth of string
w € {=Z, =, A, 7}* that for all sets T of {[=], [R]}-free formulas of LER, for all
models M = (W, =<, =,A,5/,V) of LER and for all possible worlds € W, if
T C Cl(w, A) and:

- For all {[=], [R]}-free formulas B of LER, if B € Cl(w, A) then M,z = B
iff BeT,

then WORLD(T,w
model M = (W, <X,
such that:

w, A) succeeds. These considerations prove that if there is a
=, A,5/,V) of LER and there is a possible world x € W
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- For all {[=], [R]}-free formulas B of LER, if B € Cl(¢, A) then M,z | B iff
BesS;

then WORLD(S, ¢, A) succeeds.

It follows immediately from lemma [@ that the nondeterministic algorithm
SAT(A) works correctly, i.e., SAT(A) succeeds iff A is true at some possible
world in some model of LER. Much more difficult than lemmal[f] are the follow-
ing important results.

Lemma 7. For all {[=], [R]}-free formulas A of LER, for all lists L of sets of
{[=], [R]}-free formulas and for all strings w € {=X, =, A, }*, if WORLD(L,w,
A) is called in WORLD(S, €, A) at some depth of the recursion then length(L) =
O(length(A)?).

Proof. Similar to the line of reasoning suggested by Demri [2] at pages 225-226.

Lemma 8. For all {[=],[R]}-free formulas A of LER, for all lists L of sets of
{[=], [R]}-free formulas and for all strings w € {=, =, A,V }*, if WORLD(L,w,
A) is called in WORLD(S, €, A) at some depth of the recursion then depth(w) <
length(A).

Proof. Suppose that depth(w) > length(A). It follows that there is a string
W e {7, A, v} such that w = W - orw =w K Jorw=uw =< or
w=uw r=mAorw=uwA=<Zocw=wANorw=uwvy =orw=uvvY
Suppose that w = w’ <>. Hence depth(w’ <) > length(A). It follows that
Cl(w' =<, A) = 0: a contradiction. Therefore depth(w) < length(A). The same
line of reasoning applies if w = W X VY orw = w =< orw = w = A or
w=wA=<ocw=wAAorw=uw'y=orw=uw vV

By applying lemma [[] and lemma [8 we infer immediately that the nondeter-
ministic algorithm SAT(A) is polynomial-space bounded in length(A). We can
summarize the results proved above as follows for all {[=], [R]}-free formulas A
of LER:

- SAT(A) succeeds iff A is true at some possible world in some model of LER;
- The total space to run SAT(A) is polynomial in length(A).

We get that the satisfiability problem for any given {[=], [R]}-free formula A of
LERisin NPSPACE of length(A). Seeing that NPSPACE = PSPACE, see
Savitch [TT], we therefore conclude the following.

Theorem 5. (PSPACE-completeness theorem for LER) The satisfiability
problem for any given {[=], [R]}-free formula A of LER is PSPACE-complete
in length(A).

6 Conclusion

The key feature of this paper is the modal analysis of emptiness relations
in property systems. The proof that the satisfiability problem for any given
{[=], [R]}-free formula A of LER is PSPACE-complete in length(A) goes
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through a line of reasoning similar to that applied by Spaan [12] to investi-
gate the inherent difficulty of the satisfiability problem for any given formula
of S4;. Let us note that our proof does not consider the full language of our
modal logic, so it might not be suitable for studying the inherent difficulty of
the satisfiability problem for any given formula of LER, a question that remains
unsolved.

Previous modal analyses of informational relations in property systems have been
given by Vakarelov [16] who has mainly considered the relations of informational
inclusion — our emptiness relations =< and > — and the relations of similarity
— the complementary relations of our emptiness relations A and t7. On that
occasion, Vakarelov [16] gave a completeness theorem and a decidability theorem
for a modal logic which modalities correspond to the relations of informational
inclusion and the relations of similarity in property systems. Modal analyses of
our emptiness relations in property systems together with other informational
relations like similarity relations are not known.
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Abstract. Pregroups, introduced in Lambek [12], are a generalization
of partially ordered groups. In [5], we have proven several theorems on
pregroups and grammars based on the calculus of free pregroups, in par-
ticular, the weak equivalence of these grammars and context-free gram-
mars. In the present paper, we obtain further results of that kind. We
consider left and right pregroups, study concrete left and right pregroups
consisting of monotone functions on a poset and of monotone relations
on a poset, and adjust the equivalence theorem to grammars based on
left (right) pregroups.

1 Pregroups

A structure (G, <,-,1) is called a partially ordered monoid (p.o. monoid), if
(G,-,1) is a monoid (i.e. a semigroup with unit 1), (G, <) is a poset (i.e. a
partially ordered set), and the following monotonicity condition holds:

(MON) if a < b then ca < ¢b and ac < be,

for all a,b,c € G.

A pregroup is defined as a structure (G, <,-,l,7,1) such that (G,<,-,1) is a
p-o. monoid, and [, r are unary operations on G, satisfying the following inequal-
ities:

da<l<ad andad" <1<d"a , (1)

for all a € G. The element a! (resp. a”) is called the left (resp. right) adjoint of
a.

Standard examples of pregroups are partially ordered groups (p.o. groups),
i.e. structures (G,<,-,Y,1) such that (G,<,-,1) is a p.o. monoid, and " is a
unary operation on G, satisfying the equalities: a“a = 1 = aa", for all a € G.
An extensive exposition of the theory of p.o. groups is given in Fuchs [§]. Clearly,
in a p.o. group one can define a! = a” = a".

A pregroup G is said to be commutative, if ab = ba, for all a,b € G. If G
is commutative, then a! = a”, for all a € G, and G is, actually, a p.o. group.
Accordingly, the notion of a pregroup is a generalization of that of a p.o. group
which can be innovatory for noncommutative structures only. A pregroup is said
to be proper, if it is not a p.o. group (that means, a' # a”, for some element a).

H. de Swart (Ed.): RelMiCS 2001, LNCS 2561, pp. 35-F9] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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Pregroups are related to residuated monoids, abstract models for the Lambek
calculus with possibly empty antecedents [11[4]. A residuated monoid is a struc-
ture (G, <,-,\,/,1) such that (G,<,-,1) is a p.o. monoid, and \,/ are binary
operations on G, fulfilling the equivalences:

ab<cif b<a\ciff a <e¢/b , (2)

for all a,b,c € G. (Actually, (MON) follows from (2).) For a pregroup G, one
defines a\b = a"b and a/b = ab', which yields a residuated monoid. One can also
define a! = 1/a and a” = a\1. The latter definitions of adjoints, applied to an
arbitrary residuated monoid, lead to inequalities ala <1 and aa” < 1, but the
inequalities 1 < aal and 1 < a"a need not hold.

The Lambek calculus with possibly empty antecedents is a formal system
whose theorems are the inequalities valid in residuated monoids. Consequently,
all theorems of the Lambek calculus are also valid in pregroups under the above
interpretation of residuals a\b and a/b. The converse is not true even for product-
free types [B]. Grammars based on the Lambek calculus are a kind of categorial
grammars, extensively studied nowadays as a framework for deductive parsing
(see [T4T513]). Lambek [12] proposes alternative parsing strategies, based on the
calculus of free pregroups (also see [2l[7]). We discuss these matters in section 3.

Using (1), one easily proves the following equalities hold in every pregroup:

'=1"=1, d" =a" =a, (ab)' =b'd', (ab)" =b"a" . (3)
By (1), we also derive:
adla =a, aa"a = a , (4)
and (MON) with (1) yield:
(MON’) a < biff b <al iff b" < a".

By Z we denote the set of integers. Following [12], for any pregroup G, a € G,
and n €Z, we define the element (™ € G: a®) = a, "V = (a(™)", for n > 0,
and a»™Y = (a()!, for n < 0. Using (3), one shows the latter equalities hold
for all n €Z. Also:

ag(nth) <1 < a(”+1)a("), forallneZ , (5)
(ab)™ = a™p™ and if @ < b then o™ < b™ (n is even) , (6)
(ab)™ =b™a(™  and if a < b then b < o™ (n is odd) . (7)

Proposition 1. Let G be a p.o. monoid. Then, for any a € G, there exist at
most one b € G such that ba < 1 < ab and at most one ¢ € G such that
ac <1 <ca.

Proof. Assume ba

<1 < aband bVa <1 < ab'. Then b < bab’ < b and
b <bab<b, hence b =

b. O
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As a consequence, a' is the only element b such that ba < 1 < ab, and a” is the
only element ¢ such that ac < 1 < ca (this yields an easy proof for (3)). Further,
0% 07, 0™ can be regarded as partial operations on arbitrary p.o. monoids,
and they satisty (1), (MON’), (3), (4), (5), (6), (7), if the relevant elements
exist; for instance, if a(™,b(™ exist, then (ab)(”) exists and the equation from
(6) holds. In a pregroup, right and left adjoints are uniquely determined by
the underlying p.o. monoid. Accordingly, we can also define pregroups as p.o.
monoids in which every element admits the two adjoints (then, the signature
of pregroups equals that of p.o. monoids, and we may say, for example: a given
pregroup is a substructure of a given p.o. monoid).

Proposition 2. For every p.o. monoid G, there exists a (unique) largest pre-
group which is a substructure of G.

Proof. Let H consist of all a € G such that o™ exists, for all n €Z. By (6), (7),
H is a submonoid of G. By the definition, H admits adjoints. Every pregroup
H’ which is a substructure of G must be contained in H. O

The pregroup H, defined above, will be denoted by Pr(G).

Let (X, <) be a poset. A function f : X — X is said to be monotone,
if © < y entails f(z) < f(y). By F(X,<) we denote the p.o. monoid of all
monotone functions f : X — X with the identity function I being the unit, the
function composition being the operation -, and the ordering being defined by:
f<giff f(x) <g(x), for all z € X.

Proposition 3. Fvery pregroup (G, <,-,1,r,1) is embeddable into Pr(F (G, <)).

Proof. For a € G, the function f, : G — G is defined as follows: f,(z) = ax. By
(MON), f, is monotone. We have: fop = foo fp, f1 =1, and a < b iff f, < fp.
Consequently, the mapping h(a) = f, is a monomorphism of p.o. monoids. Since
Jarofa ST < faofa and foo for ST < farofq, then fu = f(lz and for = fg,
hence h is a monomorphism of pregroups. a

Consequently, every pregroup is isomorphic to a pregroup of monotone functions
on a poset.

If (X,<)is a poset and ¥ C X, then maxY and minY will denote the
greatest and the least, respectively, element of Y (thus, maxY is the Lu.b. of Y’
belongimg to Y, and minY is the g.1.b. of ¥ belonging to Y).

Proposition 4. For every function f € Pr(F(X, <)), there hold the equalities:
fUz) =min{y € X :x < f(y)}, for allz € X,
fr(x) =max{y € X : f(y) <z}, forallz € X.

Further, if M is a submonoid of F(X, <) and, for every f € M, the functions
fL f7 defined by these equations exist and belong to M, then M is a pregroup.

Proof. The first part is easy (see [5]). We prove the second part. Let M satisfy the
condition. We prove (1). Since f(x) < f(z), then f!(f(z)) <z (so, flo f < 1I).
Also z < f(f!(x)), since f!(z) is a y such that z < f(y). O
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These equalities can equivalently be expressed by the following Galois connec-
tions:

@) <yiffz < f(y) , (8)
y < fr(x) iff fly) <z, (9)

for all z,y € X.
As a consequence, all functions in Pr(F(X, <)) must be upward and down-
ward unbounded, that means:

Vady(z < f(y)), YaIy(f(y) <), (10)
for all z,y € X.

2 Left and Right Pregroups

A left (resp. right) pregroup is a p.o. monoid in which every element admits a left
(resp. right) adjoint, that means, for every element a there exists an element a'
(resp. a”) such that the left (resp. right) conjunct of (1) holds. Right pregroups
are dual to left pregroups: (G, <,-,1) is a left pregroup iff (G,>,-,1) is a right
pregroup. A pregroup is a p.o. monoid which is both a left pregroup and a right
pregroup.

Everything which has been said above on pregroups can also be said on
left (right) pregroups provided one confine herself to left (right) adjoints. In
particular, every p.o. monoid G contains a largest left (resp. right) pregroup to
be denoted by LPr(G) (resp. RPr(G)); its elements are all a € G such that (™
exists, for all n < 0 (resp. n > 0). Clearly, Pr(G) equals the meet of LPr(G) and
RPr(G).

If we prove later on that no left (right) pregroup having a given property
exists, then it follows that no pregroup having this property exists.

Of course, some arguments sound for pregroups need not be sound for left
(right) pregroups. For example, to prove (MON’) for pregroups one can prove:
a < b entails b < a! and b" < a”, and then, substitute b’ for a and a' for b, and
use the second equalities of (3) to obtain: b' < a entails a < b. For left pregoups,
the latter entailment can be shown in another way. Assume b* < a'. Then:

a< bba < bala <b.

By an analogue of proposition[d, all functions in LPr(F (X, <)) must be upward
unbounded, and all functions in RPr(F (X, <)) must be downward unbounded.
These claims are dual to each other, since LPr(F (X, <)) equals RPr(F (X, >)).

Proposition 5. Let a be the least (resp. greatest) element of poset (X, <). Then,
for every function f e RPr(F (X, <)) (resp. LPr(F(X, <))) there holds: f(z) = a
iff t =a, for allxz € X.

Proof. Let f eRPr(F(X,<)). Then, f(a) = a, since f is downward unbounded.
Assume f(z) = a. Then a = f"(a) > x, by proposition @] hence z = a. O



Pregroups: Models and Grammars 39

In [5], it has been shown that, for any totally ordered set (X, <) containing
more than two elements, Pr(F (X, <)) consists of all both upward and downward
unbounded, monotone functions f : X — X if and only if (X, <) is isomorphic
to the set of integers with the natural ordering. We prove a left (right) analogue
of this theorem.

Theorem 1. Let (X, <) be a totally ordered set containing at least two elements.
Then, LPr(F (X, <)) consists of all upward unbounded, monotone functions f :
X — X if and only if (X, <) is a well ordered set without the greatest element.
Dually, RPr(F (X, <)) consists of all downward unbounded, monotone functions
f: X = X ifand only if (X, >) is a well ordered set without the greatest element.

Proof. Assume (X, <) be a nonempty, well ordered set without the greatest
element. Let M denote the set of all upward unbounded, monotone functions
f: X — X. M is closed under function composition and I € M, hence M is a
submonoid of F(X,<). Further, for any f € M, the function f' defined by the
equation from proposition [ exists and belongs to M (Caution: the nonexistence
of the greatest element is needed to show that F' is upward unbounded.) So,
M is a left pregroup. But all functions in LPr(F(X, <)) are upward unbounded,
hence M equals the latter.

Now, let (X, <) be a totally ordered set containing at least two elements.
Assume LPr(F(X, <)) consist of all upward unbounded, monotone functions
f: X—X.

Suppose a to be the greatest element of X. Define f(z) = a, for all z € a.
Clearly, f is upward unbounded and monotone, hence f €LPr(F (X, <)), which
contradicts proposition [@.

Suppose (X, <) not to be well ordered. Then, there exists an infinite sequence
an, € X, n >0, such that a,4+1 < a,, for all n. Let Y denote the set of all y € X
such that a,+1 <y < a,, for some n. Define f(x) = ag, for z € Y, and f(z) = z,
for x ¢ Y. Clearly, f is upward unbounded and monotone. But f!(ag) =min(Y")
does not exist. Contradiction. O

By w we denote the set of nonnegative integers. It follows from theorem [ that
LPr(F(w, <)), where < is the natural ordering, contains all upward unbounded,
monotone functions from w into w. It is easy to see that this left pregroup is
proper (that means, it is not a p.o. group). Below we show how to do that.

An element a of a left (resp. right) pregroup is said to be injective, if ala = 1
(resp. a"a = 1), and surjective, if aa’ = 1 (resp. aa” = 1); it is said to be
bijective, if it is both injective and surjective. In a left pregroup of functions, a
function f is injective (resp. surjective) iff it is an injective (resp. a surjective)
mapping. We prove this fact. Assume f to be injective. Then, flo f = I, so
f is an injective mapping, since I is so. In a similar way, we show that, if f is
surjective, then f is a surjective mapping. Assume f be an injective mapping.
By (4), foflof = f = fol, and consequently, fl o f = I, so f is injective. In
a similar way, we show that, if f is a surjective mapping, then f is surjective.
The same holds true for right pregroups of functions.
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Accordingly, in a left (right) pregroup of functions, a function f is bijective
iff f is a bijective mapping. A left (right) pregroup is proper iff it contains at
least one nonbijective element. Thus, LPr(F(w, <)) is proper, since it contains
nonbijective mappings, e.g. f(z) = 2.

Proposition 6. For any left pregroup G and all a,b € G, the following condi-
tions hold true:

(i) a is injective (resp. surjective) iff a' is surjective (resp. injective),

(ii) if ab is injective (resp. surjective), then b is injective (resp. a is surjec-
tive).

Proof. If a'a = 1, then a'a’ = 1, and if aa' = 1, then a''a’ = 1, by (3).
The converse conditionals also hold, by (3) and (MON’). This proves (i). If
(ab)tab = 1, then

1="blalab < b'b < 1,

hence b'b = 1, and if ab(ab)! = 1, then
1 = abbld > aa > 1,

hence aa! = 1, which proves (ii). O
An analogous fact is true for right pregroups.

Proposition 7. If all elements of a left (right) pregroup are injective or surjec-
tive, then all elements are bijective.

Proof. Assume that all elements of a left pregroup G be injective or surjective.
Let a € G. We prove that a is injective. Suppose not. Then, a'a is not injective,
hence a'a is surjective, and consequently, a is surjective. So, a is injective. Con-
tradiction. In a similar way, one proves that a is surjective. a

A left (right) pregroup is said to be strictly proper, if 1 is its only element which is
injective or surjective. Every left (right) pregroup G contains a (unique) largest
strictly proper left (right) pregroup G’ which consists of all elements a of the
former such that a = 1 or a is neither injective, nor surjective (by proposition 6]
this set is closed under - and adjoints). If G is a pregroup, then G’ is also a
pregroup. By proposition [7] G is proper iff G’ # {1}.

Theorem 2. No totally ordered left (right) pregroup is proper.

Proof. We show: ala = 1 iff a > a!'. First, a'a = 1 iff a'a > 1, by (1). If a'a > 1,
then o' < ala'a < aIf a > a%, then ala > a'a’ > 1. In a similar way, one
shows: aa! =1 iff a < a”.

In a totally ordered left pregroup, a < a' or a' < a, for every element a.
Consequently, all elements are injective or surjective, and we use proposition [7l
By duality, the same holds for right pregroups. a

It is known [8] that there are no finite p.o. groups in which a < b holds, for some
elements a,b. For a < b entails 1 < ba”, and 1 < centails 1 < ¢ < cc < ccc < .. ..
This argument cannot be applied for pregroups. We nonetheless prove:
Theorem 3. If G is a finite left (right) pregroup, then the ordering in G is the
identity relation (hence, G is a group).
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Proof. Let (G, <,-,1,1) be a finite left pregroup. The inequality za < b has a
solution (z = ba!), for all a,b € G. For a € G, define a mapping f,(z) = za.
Let M denote the set of minimal elements of G. For any b € M, there is x € G
such that f,(x) = b, hence there is © € M such that f,(z) = b. Thus, f, maps a
subset of M onto M. Since M is finite, this subset equals M, and f, restricted
to M is a bijection of M onto itself. Consequently, za € M, for every x € M.

The inequality b < ax has a solution (z = a'b), for all a,b € G. For a € G,
define a mapping g,(x) = ax. Let N denote the set of maximal elements of G.
For any b € N, there is € G such that g,(z) = b, hence there is z € N such
that go(z) = b. As above, one shows that g, restricted to N is a bijection of N
onto itself. Consequently, ax € N, for every x € N.

Let a € N. By the first paragraph, all minimal elements are of the form
za, for x € M. By the second paragraph, these elements are maximal. We have
shown that all minimal elements are maximal. Thus, the ordering is the identity
relation. O

As a consequence, no finite left (right) pregroup can be proper. Below we obtain
some results on the nonexistence of proper left or right pregroups of monotone
functions on a poset.

Lemma 1. Let (X, <) be a poset, and Y, Z C X be such that X =Y U Z,
YNZ =10. Let G be a left (right) pregroup contained in F(X,<) such that,
forall f € G, f[Y] CY and f[Z]) C Z. Let Gy consist of all functions f € G
restricted to 'Y, and G z consist of all f € G restricted to Z. Then, both Gy and
Gy are left (right) pregroups contained in F(Y,<) and F(X, <), respectively
(here, < is the restricted ordering).

Proof. Clearly, both Gy and Gz are closed under composition. Since I € G,
then Iy € Gy and Iz € Gz (here, Iy is the identity function restricted to Y,
and similarly for I;). If f € G, then f! € G, and consequently, f' restricted to
Y belongs to Gy. The condition f'(f(x)) < x < f(f'(z), for all z € X, holds
true in G, hence it also holds true in Gy and Gz for f and f! restricted to Y
and Z, respectively. So, Gy and Gz admit adjoints. O

The direct product G x H of left (right) pregroups G, H is defined in the usual
way. If G, H are left (right) pregroups, then G x H is a left (right) pregroup. In
lemma [ G is embeddable into Gy x Gz. G is isomorphic to Gy x Gz, if either
y<zforallyeYY, z€ Z, or neither y <z, nor z <y. forallyeY, z € Z.

A poset (X, <) is called a tree, if {y € X : y < x} is well ordered, for all
x € X. It is said to be well founded, if every nonempty subset of X has a minimal
element. Every tree is well founded.
Theorem 4. If (X, <) is well founded, then no right pregroup contained in
F(X, <) is proper.
Proof. We fix a well founded poset (X, <) and a right pregroup G contained in
F(X,<). It is sufficient to show that all functions in G are bijective.

We define a transfinite sequence of sets M,. M is the set of all minimal
elements in (X, <). For a > 0, if Uﬁ<a Mg is different from X, then M, is the
set of all minimal elements in X — s<a Mp; otherwise our construction stops.
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We show that, for all f € G, f restricted to My is a bijection of M onto itself,
and f restricted to X — My maps X — My into itself. First, we show My C f[Mo].
Let © € My. Since f is downward unbounded, then f(y) = z, for some y € X.
We take z € My such that z < y. Then, f(z) < f(y), so f(z) = z. Second, we
show f[My] C My. Let & € My. Since f" is downward unbounded, then we find
y € My such that f"(y) = x. Then, f(z) = f(f"(y)) < w, so f(x) € My. Third,
we show f[X — My) C X — My. Assume f(z) € My. Since f"[My] € My and
x < fr(f(x)), then & € My. Finally, every f € G restricted to M is one-to-one.
Assume f(x) = f(y), for x,y € My. Denote a = f"(f(z)). By the above, a € My,
and z < a, y < a, hence z = y.

Now, we can precisely formulate our inductive claim: for any « such that M,
is defined and for all f € G, f restricted to M, is a bijection of M, onto itself,
and f restricted to X — (g, Mp maps this set into itself. Assume this claim
hold, for all v < «. Denote Y = U7<a M,, Z = X =Y. Then, all functions
f € G map bijectively Y onto Y and map Z into Z. By lemmal[ll Gz is a right
pregroup contained in F(Z, <). Since (Z, <) is well founded, we can repeat the
above arguments with Gz in the place of G. Then, M, takes the place of M.
Consequently, all functions f in Gz map bijectively M,, onto itself and restricted
to Z — M, map this set into itself. This proves our inductive claim.

Consequently, every f € G is a join of bijections on pairwise disjoint sets,
hence it is a bijection. a

Actually, we can say more. Let f, denote the restriction of f to M,. For all
frge G, f<giff fo < gq, for all a, iff f, = ga, for all a, iff f = ¢g. Conse-
quently, every right pregroup of monotone functions on a well founded poset is
a p.o. group whose ordering relation is the identity. Further, every well founded
(right) pregroup is a p.o. group with the identity ordering (use theorem Hl and
proposition B]), which yields a generalization of theorem B

RPr(F(w, <)) contains the only element I, since I is the only monotone
bijection on this tree; evidently, the largest pregroup contained in F(w, <) is
the same structure. Thus, the largest (left, right) pregroups contained in a p.o.
monoid need not include all injective or surjective elements of the p.o. monoid.
For the full binary tree {0, 1}*, the largest right pregroup of monotone functions
equals the group of all monotone bijections; one of its elements is the function:
fle) =¢, f(0z) = 1z, f(1z) = Ox, for x € {0,1}*.

Let (X, <) be a totally ordered set. A function f : X — X is said to be down-
ward continuous (resp. upward continuous), if, for all z € X, f(z) =lu.b.{f(y) :
y < x} (resp. f(z) =g.lb.{f(y): x <y}). The set (X, <) is said to be dense, if,
for all z,y € X such that x < y there exists z € X such that z < z < y.
Lemma 2. If (X, <) is a dense, totally ordered set, then LPr(F(X,<)) (resp.
RPr(F(X,<))) contains upward (resp. downward) continuous functions only.

Proof. If x < y, then f(x) < f(y), so f(x) is a lower bound of {f(y) : z < y}.
Assume f(x) be not the g.1.b. of this set. Then, there exists z such that f(z) < z
and z is a lower bound of this set. The element f!(z) exists and equals min{y :
z < f(y)}. But z < f(y) iff < y, and the set {y : < y} has no least element.
Contradiction. O
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Theorem 5. If (X, <) is a dense, totally ordered set, then no left (right) pre-
group contained in F(X, <) is proper.

Proof. Let G be a left pregroup contained in F(X,<), and let f € G. We
show that f is injective. Assume = < y. Suppose f(z) = f(y). Denote a =
f(y). By proposition Bl a is not the greatest element of X. We have f!(a) =
fY(f(z)) < =, but, for all z > a, f!(z) =min{u: z < f(u)} > y. Thus, f! is not
upward continuous, which contradicts lemmal[2. Accordingly, all functions in G
are injective, and we use proposition [7. a

A poset (X, <) is called a lattice, if, for all a,b € X, there exist the g.1.b. and the
Lu.b. of {a,b}; these elements will be denoted by a A b and a V b, respectively.
A (left, right) pregroup is said to be lattice ordered (l.0.), if its underlying poset
is a lattice. It is easy to show that in every l.o. pregroup the following equalities
are valid:

(avb) =d Ab, (anb)! =d v, (11)
(aVvbd) =a"Ab", (anb)" =a" VI, (12)
(aVb)e =acVbe, a(bVe) =abVac, (aAb)e=acAbe, a(bAc) =abAac . (13)

This is not the case for l.o. left (right) pregroups. On the other hand, if G is a
p.o. monoid whose underlying poset is a lattice such that (13) are valid in G,
then LPr(G) (resp. RPr(G)) is a l.o. left (resp. right) pregroup satisfying (11)
(resp. (12)). We omit the proof. Examples can be found as follows. Take a totally
ordered set (X, <). Then, F(X, <) is a lattice with (f V g)(z) = f(z) V g(z),
(fANg)(x) = f(z) Ag(z), and it satisfies (13). So, the largest left (resp. right)
pregroup contained in F'(X, <) is a L.o. left (resp. right) pregroup satisfying (11)
(resp. (12)). Accordingly, there exist proper l.o. (left, right) pregroups, e.g. the
largest pregroup contained in F(Z, <) and the largest left pregroup contained
in F(w, <). We show that pregroups cannot be bounded.

Proposition 8. If a left (right) pregroup contains L or T, then it is trivial.

Proof. For pregroups the proof is a bit simpler than for left pregroups. Let G
be a pregroup containing the least element L. For all a € G, we have 1 < a, so
al < 1!, and consequently, a = (a”)! < L!. So, L' = T is the greatest element of
G.Wehave L1 < L and T<TT,hence L1 =_1and TT=T. Also T! = 1.
Then, LT =11T=1TT<1l,s0 lT=_1l,and LT =1TT=11T>T,
so L' T =T. Consequently, 1. = T, hence G is trivial.

Now, let G be a left pregroup containing L. Again a' < 1!, for all a € G, but
now we cannot infer a < 1!, for all @ € G. As above, L1 = L, hence, by (3),
111t = 1" We have 1. < L% so L is surjective (see the proof of theorem ) and
11t =1.Then, 1! = 111" = 11" =1, hence L. = 11! = 1. Since a! < 1!,
for all a € G, then a' < 1, soa! = L, for all @ € G. Consequently, a' = b!, which
yields a = b, for all a,b € G (use (MON)).

In both cases, if G contains the greatest element T, then the reasoning is
dual. O
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3 Pregroups of Relations

It has been proven in [Ilf] that every residuated monoid is embeddable into the
residuated monoid of binary relations on some set X. The latter is defined as
follows. For R, S C X2, one defines:

RoS ={(z,y) : 32((z,2) € R and (z,y) € S)},

R\S = {(z,y) : V2((2,2) € R= (2,9) € 9)},
S/R={(x,y) :V2((y,2) € R= (z,2) € S)}.

P(W) denotes the powerset of set W. Then, (P(X?),C,o0,\,/,I) is a residuated
monoid: the residuated monoid of binary relations on X.

Algebras of relations are important for many areas of logic in computer sci-
ence (logics and semantics of programs, knowledge representation, logics in Al)
[16]. In [10], residuated monoids of binary relations are used to model the notions
of a weak prespecification and postspecification of programs (the underlying logic
is the Lambek calculus with possibly empty antecedents, not explicitly quoted
in [10]).

In this section we examine algebras of binary relations as models of pregroups.
First, we observe that in order to model proper pregroups we must modify the
basic monoid of binary relations. The p.o. monoid (P(X?),C,0,I) contains no
proper left (right) pregroup. Consider the condition (1):

RloRCICRoR.

By R we denote the converse of R. By the second inclusion of (1), X equals
both the domain of R and the codomain of R'. We prove RY C R!. Assume
(y,r) € RY. Then (z,y) € R. So, there is z such that (z,z) € R'. By the
first inclusion of (1), z = y, hence (y,x) € R'. We prove R' C R". Assume
(z,y) € R'. Then, there is z such that (y,z) € R. By the first inclusion of (1),
x = z, hence (y,7) € R and (z,y) € RY. We have shown R! = R". Thus, in
every left pregroup contained in the standard p.o. monoid the left adjoint of R
equals the converse of R. Then, from (z,y) € R and (z,y’) € R it follows that
y = ', again by the first inclusion of (1), so each relation R in this left pregroup
is a function. But R” must also be a function, so R is a bijection from its domain
(i.e. X) onto its codomain (again X, since X is the domain of R").

Let (X, <) be a poset. A relation R C X? is said to be monotone, if it satisfies
the following conditions: (i) xRy and a2’ < x entail 2’ Ry, (ii) xRy and y < ¢’
entail zRy’. (We write xRy for (z,y) € R.) By R(X, <) we denote the set of all
monotone relations R C X?2. This set is a p.o. monoid with the ordering <, the
operation o and the unit element <.

Proposition 9. Every (left, right) pregroup (G,<,0,1) is embeddable into the
largest (left, right) pregroup contained in R(G, <).

Proof. Fix a (left, right) pregroup (G, <,0,1). For a € G, define R, C G? by:
zRyy iff x < ay. Clearly R, is monotone. If xR,py, then, for z = by, we have
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xR,z and zRpy, so Ry € Ry 0 Ry. Assume xR, o Ryy. Then, there exists z such
that x < az and z < by, hence = < aby. We have shown R,, = R, o Ry. Clearly
R; =<. Also a < b iff R, C R} (from the right to the left: if R, C Ry, then
aR,1 implies aRp1 which means a < b). Now, (1) hold in G, which yields:

RyioR, C<CR,oRy and Ryo R;r C<C Ryr 0 Ry,

for all a € G. Consequently, R, is the left adjoint of R,, and R, is the right
adjoint of R,. Then, the mapping F'(a) = R, is the required embedding. O

The same construction can be performed for residuated monoids. Yet, in general,
Ra\» € Ro\Ryp but the equality does not hold, and similarly for /.
Proposition 10. Let G be a pregroup contained in R(X,<). Then, for all R €

G and all x,y € X, the following equivalences hold true:
rR'Yy & Vz(yRz = x < 2), 2Ry & Vz(zRx = 2 < y).

Proof. We prove the first equivalence. Since R! o R C <, then:
zRYy = Vz(yRz = x < 2).

Since <C Ro R!, then:
r <y = Jz(zRz and zR'y.

Since z < z, then there exists z such that xRz and zR'z, hence, for all u, if
xRu then z < u. So, z =min{u : zRu}. We have shown that, for all z € X there
exists the least u such that x Ru; this element u will be denoted by xr. We have
rRrp and zrRl'r. Assume Vz(yRz = = < z). Since yRyg, then z < yg, and
since yr R'y, then zR'y (R’ is monotone). We have proven the first equivalence.

The proof of the second equivalence is dual. Now, one shows that, for all
x € X, there exists the greatest element u such that uRz; this element u will be
denoted by 2. We have 2* Rz and zR"z. a

Since the left and the right part of this proof are independent of each other,
then an analogous result holds for left (right) pregroups. The elements xr and
z defined in the proof satisfy the following equivalences:

zRy iff zp <y iff z < gyf | (14)

for all x,y € X.
We have: 2 < y entails p < yr and 2% < y. Also:

R C S iff Va(zg < xg) iff Va(z® < 2%) | (15)

(TR)s = TRos, (27)% =% | (16)

We prove the second equality of (16). Assume z < (2)°. Then, 25z, by (14),
and xRz, so 25 o Rz. which yields z < 29°%, by (14). Assume z < 29°%. By
(14), 28 o Rz, hence there is u such that zSu and uRxz. By (14), u < ', so
28z which yields z < (%)%, by (14).
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Denote G =Pr(R(X,<)). To every relation R € G we assign a function
ff: X — X by setting: f(x) = 2. Clearly, f% is monotone. By (14), f< = I.
By (16), f5°F = 90 fR By (15), R C S iff f® < 5. Since (1) hold in G, then:

o fR<T< fRoff, fRoff <1< R o R

hence le = ()" and f® = (fF)". Consequently, the mapping F(R) = f%
is a monomorphism of G into Pr(F (X, <)). Actually, F' is an isomorphism. For
the mapping F'(f) = Ry, where the relation Ry C X? is defined by: zRsy
iff x < f(y), is a monomorphism of Pr(F(X, <)) into G converse to F. We
omit an easy proof of this fact. Analogous arguments work for right pregroups.
Accordingly, the following theorem is true.

Theorem 6. For every poset (X,<), the largest (resp. right) pregroup con-
tained in R(X, <) is isomorphic to the largest (resp. right) pregroup contained
in F(X,<).

Interestingly, there is no full symmetry between the left and the right case.
Denote G =LPr(R(X, <)) and H =LPr(F (X, <)). For R € G, define: fr(x) =
xR, for x € X. Again, fr is monotone. However, R C S iff f¢ < fg, and
fsor = fro fs, by (15) and (16). One can show that the mapping F(R) = fr
is a o and < inverting isomorphism of G onto H (it preserves left adjoints).

We show that, if (X, <) is the poset (w,<), then no isomorphism (i.e. <
and o and [ preserving bijection) from G onto H exists. For assume it exist.
Then, by the composition of this morphism with the converse of F' from the
above paragraph, we obtain a o and < inverting and [ preserving isomorphism
h of H onto itself. But g(f) = f' defines a o and < inverting and [ preserving
monomorphism of H into itself (use (3) and (MON’)). Denote H' = g(H).
Clearly, g o h is an isomorphism of H onto H’'. H' consists of all f!, for f € H.
For every p.o. monoid, elements a! are precisely those elements which admit
right adjoints in this p.o. monoid. A function f € H admits a right adjoint
iff f is downward unbounded, which is equivalent to the condition f(0) = 0.
Now, all surjective elements of H satisfy this condition, hence they admit right
adjoints in H. On the other hand, there are surjective elements in H’ which do
not admit right adjoints in H’, e.g. f(0) = 0, f(z) = = — 1, for x # 0 (then,
f7(0) =1, so f" ¢ H'). Consequently, H is not isomorphic to H’, which falsifies
our assumption. Observe that G is isomorphic to H’.

4 Grammars

In [5], it has been proven that grammars based on free pregroups are weakly
equivalent to context-free grammars. In this section, we outline a proof of an
analogous theorem for grammars based on free left (right) pregroups.

Let (X, <) be a poset. Terms are expressions a™ fora € X,n € Z. Types are
finite strings of terms; e denotes the empty type.For types z, y, the concatenation
of x and y is denoted by zy. The relation < on the set of types is defined as
the smallest reflexive and transitive relation, satisfying the following conditions:
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(CON) za™a("*Vy < zy, (EXP) zy < za™tVa™y, (IND) za™y < 2™y, if
either a < b and n is even, or b < a and n is odd, for all a,b € X, types z,y
and n € Z. We write z ~ y if x <y and y < x. Equivalence classes of ~ are the
members of the free pregroup generated by (X, <). In this free pregroup, 1 = [¢],
[] - [y] = [zy], [#] < [y] iff 2 < y, and the adjoints of [z] # 1 are defined as

follows:
[agnl) e a,(fnk)]l = [a,(gnk_l) e agnl_l)],

[ (m1) (nk)]r

a; U ..Lay (nx+1) ...a(n1+1)].

= [a}, 1

This construction is due to Lambek [12]. (CON), (EXP) and (IND) can be
treated as rewriting rules of a formal calculus: x < y holds iff one can rewrite
x into y by a finite number of applications of these rules. Lambek introduces
more general rules: (GCON) za™b("*tVy < gy, (GEXP) 2y < za™tVp(my,
both requiring that either n is even and @ < bin X, or n is odd and b < @ in X.
Clearly, (GCON) is (IND) followed by (CON), and (GEXP) is (EXP) followed
by (IND). A key result in [12] is the following Switching Lemma: if <y, then
there exist types u,v such that < u by (GCON) only, v < v by (IND) only,
and v < y by (GEXP) only. Consequently, if z < y and y is a term or y = e,
then z < y by (GCON) and (IND) only, that means, by (CON) and (IND) only.

As a consequence of the Switching Lemma, we show that free pregroups
generated by posets are strictly proper. If [z] is injective (resp. surjective), where
r=x1...%, T1,..., Tk are terms, then [zx] is injective (resp. [z1] is surjective).
Thus, it is sufficient to show that there exists no term x such that [z] is injective
or surjective. Take a term a(™. Assume [a(™)] be injective. Then [a(*~Da(™] = 1,
so € <a® Ve, By the Switching Lemma, the latter can be derived by (IND)
and (GEXP) only, which is impossible. In a similar way, one shows that [a(™)]
cannot be surjective.

By a pregroup grammar we mean a quadruple (V, X, <, R) such that V is
a nonempty, finite alphabet, (X, <) is a finite poset, and R is a finite relation
betwen elements of V' and types on (X, <). One says that the grammar assigns
type = to string vy ...v,, v; € V, if there exists types x; such that v; Rx;, for
1 = 1,...,n, satisfying: x1...x, < x in the above sense. If G is a pregroup
grammar and z is a type, then L(G, ) denotes the set of all strings on V' which
are assigned type x by G. Using Switching Lemma, one proves that, for every
pregroup grammar G and every term x, L(G, z) is a context-free language (not
containing €). Conversely, for every context-free language L such that € ¢ L,
there exist a pregroup grammar G (whose poset (X, <) is (X,=)) and a term a €
X such that L(G,a) = L. Consequently, the languages generated by pregroup
grammars are precisely the context-free languages not containing e. Proofs of
these results are given in [5].

Free left (resp. right) pregroups are defined as free pregroups except that
one only admits terms a(™, for n < 0 (resp. n > 0) and drops right (resp. left)
adjoints. It can easily be shown that free left (resp. right) pregroups are left (resp.
right) pregroups. Further, if G is the free left (resp. right) pregroup generated by
(X, <) and H is an arbitrary left (resp. right) pregroup, then every < preserving
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mapping h of X into H can uniquely be extended to a homomorphism of G into
H, Consequently, z < y (equivalently: [z] < [y]) holds G iff < y is true in every
left (resp. right) pregroup H under every < preserving assignment of members
of H to elements of X.

If z is a type and y is a term, both in the sense of free left (resp. right)
pregroups, then the following equivalence holds true: x < y in the sense of
free pregroups iff x < y in the sense of free left (resp. right) pregroups. The
conditional (<) is obvious, since the calculus of free pregroups is stronger than
that of free left (resp. right) pregroups. To prove (=) assume x < y in the sense
of free pregroups. By Switching Lemma, x < y by (CON) and (IND) only, and
these steps can be performed in the calculus of free left (resp. right) pregroups,
since they do not introduce any bad terms.

Grammars based on left (right) pregroups are defined as pregroup grammars
except that one only admits types and rules in the sense of free left (right) pre-
groups. By the preceding paragraph and the results from [5], mentioned above, if
G is a grammar based on left (right) pregroups and z is a term, then L(G, x) is a
context-free language. Conversely, if L is a context-free language such that € & L,
then the pregroup grammar for L constructed in [5] involves left adjoints only
(corresponding to types p,p/q, (p/q)/r), hence, by the preceding paragraph, it
generates L as a grammar based on left pregroups. Also, one could use a gram-
mar involving right adjoints only (corresponding to types p,q\p,r\(¢\p)) and
construct a grammar based on right pregroups for L. Accordingly, grammars
based on left (right) pregroups generate precisely the context-free languages not
containing e.

The same results can also be proven in a different, though essentially similar
way. First, Switching Lemma can be proven for free left (right) pregroups by
the argument from [12] (also see [5]). Further, the construction of a pregroup
grammar for a given context-free language L, provided in [5], actually yields a
grammar based on left (right) pregroups. Thus, one directly proves the weak
equivalence of context-free grammars and grammars based on left (right) pre-
groups. Now, we have to prove the weak equivalence of grammars based on right
pregroups and pregroup grammars. Switching Lemma for free pregroups implies
that, for clauses z < y such that = is a string of right terms and y is a right
term, the calculus of free pregroups is conservative over the calculus of free right
pregroups. Thus, every grammar based on right pregroups can be treated as a
pregroup grammar. Conversely, given a pregroup grammar G, we define m to
be the least n € Z such that a term of the form a(™ appears in types involved
in the relation R of G. If m > 0, then G can be treated as a grammar based
on right pregroups. Consider the case m < 0. Define a mapping f(a) = [a{~2™)]
from X into the free pregroup underlying G. By (MON’), f preserves <, so it
can uniquely be extended to a homomorphism of this pregroup into itself. One
easily proves that f([z]) = [x](=2™), for all types x, hence f is an automorphism
of this pregroup. Consequently, [z] < [y] iff f([z]) < f([y]), for all types z,y. A
grammar G’ is constructed from G by replacing in R each a(™ by a("~2™) By
the above, for every term (™, L(G,a™) = L(G’,a(»=?™). Yet, G’ does not in-
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volve left terms, hence it can be treated as a grammar based on right pregroups.
Therefore, grammars based on free right pregroups generate the same languages
as pregroup grammars.
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Abstract. We provide a detailed analysis of the insertion operations for
an ER-model represented in terms of the map calculus. This continues
our previous study of compiling an ER model into the abstract setting
of what might be called logic without variables.

1 Introduction

Entity relationship modelling (ER modelling for short) is a widespread and pow-
erful technique for data modelling. An ER model captures all the relationships
between data using entities and relations together with attributes on them. A
formal semantics of ER modelling, however, is not easy to come by: as usual, a
popular technique is described more or less informally, and this is notoriously
difficult to model formally. There are several approaches at describing the formal
semantics of this modelling technique which are characterized in [4[9].

The present paper proposes formalizing ER modelling through the algebra of
(dyadic) relations (which is akin, but different, from Codd’s relational alge-
bra so useful in data base programming languages!), a branch of Logic brought
to flourish through the work of Ernst Schroder (see the historical introduction
in [1]). Relation algebras have been used for decomposing relations in a database
according to functional dependencies in [7]; these methods, however, have not
yet been utilized for a systematic investigation of the dynamic behavior of a data
base.

We separate the static structure (the topology) of the ER model from its dynamic
counterpart, and we have shown already how to model the static view using
the algebra of relations in a companion paper [9]. This is obviously not enough,
because the dynamic nature of an ER model cannot be described using the static
structure alone. Let us have a look at abstract data types for just conveying the
flavor of our arguments.
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© Springer-Verlag Berlin Heidelberg 2002



Algebraic Semantics of ER-Models 51

1.1 The ADT View

An abstract data type (ADT) encapsulates data and the operations (usually
called methods) on it. This notion is fundamental because it supports data ab-
straction and program evolution by keeping data and their operation in a single
well defined place. ADTs serve as templates, they are instantiated, and the in-
stances of an ADT are the living capsules data and operations are kept in.
Design by Contract, so forcefully advocated by Bertrand Meyer [§], goes one
step beyond, associating with each ADT specific properties called invariants.
Operations on an (instance of an) ADT have to respect these invariants in the
sense that each operation that starts on an instance which satisfies the invariant
leaves the instance in a state which also satisfies it. Each method m of an ADT
is associated with a precondition pre,, and a postcondition post,, indicating a
contract: entering m such that pre,, is satisfied guarantees leaving m with post,,
satisfied. In Hoare’s notation of predicate transforms,

{inv A pre,,} m {inv A post,, }.

Actually, Design by Contract entails more, but this need not concern us here.
An ER model M may be considered as such an ADT. The data to be stored in an
instance are composed of the data stored in the entities, relations and attributes,
and the invariant is provided by the conditions imposed on the model’s validity
(see Definition [@H]). We should look for these operations: initializing an instance
of M, inserting elements into entities and relations, and deleting elements from
entities and relations.

The invariant to be maintained by these operations is the validity of the model;
this means that the model before and after one of these families of operations
has to conform to the model’s declaration. The postconditions may in every case
be set to true, because the operations are all geared towards maintaining the
ADT’s invariant. Initialization initializes every entity and every relation to the
empty set, thus only the trivially valid precondition needs to be provided. The
assumption is that we always start from an empty model, so we do not cater
for this operation. The insertion of elements into an entity or a relation requires
a set of conditions which will force the invariant to hold after the insertions
took place. This will provide the precondition, see Proposition BIZ. Similarly,
the deletion of elements requires a set of conditions which will help maintaining
the invariant. The corresponding conditions are described in detail in [5].

1.2 Overview

What needs to be done then is to formulate the invariant and the precondition
using the language we have chosen for our formalization. After we discuss the
version of ER modelling we want to work with in Section [2] we introduce the
algebra of relations (or map algebra, as we will call it usually) briefly in Section 3]
where we will also provide some abbreviations that are helpful for the discussions
to follow. Section Bl formulates essential pieces of an ER model in map algebra,
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borrowing freely from [9]. Section Gldeals with a formulation of the preconditions
for insertions; for reasons of reducing the complexity, this is split into the bare
bones version of an ER model which does not entertain attributes. This leads to
the notion of a weakly valid ER model, and it is shown under which conditions
weak validity is maintained. Attributes are added to the discussions at that
point, leading to the notion of a valid model, and strengthening the preconditions
towards keeping validity invariant. A very similar procedure may be observed
when discussing deletions, as outlined in the full report [6].

The present paper represents the second one in a series investigating the rela-
tionship between entity relationship modelling and map algebra [9J6]. Due to
space limitations, it only provides the statements without providing a detailed
rendering of the arguments substantiating the propositions. The proofs, how-
ever, can all be found in [6]. The authors have compiled the complete results of
their investigations in the paper [B] which has been submitted for publication
elsewhere. A prototype SWI-Prolog program which performs the translation of
normalized Entity-Relationship models into the calculus of relation is available
and is likely to evolve.
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2 Entity Relationship Models

Entity Relationship modelling [3] is a popular and widespread technique for data
modelling which we assume the reader to be familiar with. Many variants have
been discussed [12]. We will restrict ourselves to a rather basic variant with the
following properties: All relations are binary, and the only cardinality restriction
that may be imposed on a relation is that it is left- or right- unique, inheritance is
restricted to single inheritance, relations are assumed to be total (in fact, in the
presence of inheritance non-total relations may be transformed into total ones by
introducing additional entities for the domain, and for the range, respectively),
and attributes are defined on entities only.

This is the version of ER modelling investigated in [9] and a bit more restrictive
than the one investigated in [4]. These restrictions can be removed or refined at
the cost of a more complicated technical development. We feel, however, that
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the methods we develop here provide a way of modelling these more complicated
situations.

We are given an instance M of an ER model which is valid, so all constraints
formulated in the declaration of the model are satisfied. We want to investigate
change, namely we want to investigate under which conditions insertions and
deletions into M lead to a valid model again. We assume that we have complete
information about the items to be inserted. Thus, if F is an entity, we know
the items dTE to be inserted into E, yielding E U §'E as the new version of
this entity. Similarly, we know for relations R the tuples 6 TR to be inserted, and
we know for attributes a the changes in 6Ta. What we want to know is, under
which conditions for E,6TE, R,6R and «, 6t the invariance of validity of the
instance is maintained. The question arises mutatis mutandis for deletions.
Note that the assumption that the change sets 6 are given does not address the
problem of constructing them. Postulating that complete information is available
from the outset permits us to focus on the structural properties of these change
sets.

3 Map Calculus

ER models will be formulated in terms of relational algebras. These algebras for-
malize axiomatically the usual operations on binary relations (like composition
or inversion), so that binary relations appear as one of several models that are
possible for these algebras. We will provide a very brief introduction to these
algebras, and we will fix some notations for the reader’s convenience.

A relational algebra (or map algebra) is defined as a Boolean algebra with ad-
ditional properties that are imposed because a composition relation is available.
The version of relational algebras we want to use is defined below; for variants
and further developments the reader is encouraged to consult [II], [2, Ch. 2],
or [1} Ch. 1].

Definition 1. (1L, T, N, =, 1, -7) is called a relational algebra iff

1. (L, T,N, ™) is a Boolean algebra with smallest element 1, largest element
T, intersection (meet) N, and complementation —; the associated order re-
lation and union (join) are denoted by C, and U, resp.

2. 5 s a binary associative operation on the Boolean algebra with 1 as the left-
and right-neutral element,

3. -7 is a unary idempotent operation on the Boolean algebra,

4. the following properties hold:

a) (P;Q)V =QP7,

b (PNQ) =P NG,

c) Pi(Q1NQ2) C PQ1N P:Q2 (N-subdistributivity),

d) P; (Q1UQ2) = P:Q1 U PsQy (U-distributivity),

P C Q implies PR C (iR,

6. (P:Q)NR =1 implies (PHR)NQ = L (Schréder’s Rule).

o
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Map algebra consists of map equalities P = @), where P and () are map expres-
sions:

Definition 2. Map expressions are terms of the signature according to the table
below, where we have added union U as an associative operation, and the left-
associative set difference \ for convenience:

[Symbol [| L[T]T]ri[A]: [ T~ [lU[\]
Degree [0/0]0(0{|2(2]1]1 [|2]2
Priority 516|7]212]2

Herer; is one of the countably many map letters which we assume to be available.

Map letters are used to customizing map algebra by attaching additional prop-
erties through additional axioms for the relational algebra, as we will see in the
sequel.

An interpretation T over a universe Y maps each map expression to a subset of
the Cartesian square U? =, U x U such that e.g.

1T =90 [(PnQ)F = PLNQ7,
TE=u?| (PQ)’ = PLQ7
F=a] (@) =(@)

Here A is the diagonal {{a,a)| a € U} of U, and the operations on the right-
hand side are the familiar ones manipulating relations over sets. Hence e.g. U-
distributivity translates into the set equality R:(S7 U Se) = R:S7 U R:Ss that is
familiar for the relations R C A x B and S1,S5 C B x C for sets A, B and C.
Adding new axioms through fixing properties of map letters has the effect of
restricting interpretations: they have to satisfy the additional properties for the
interpretation of the map letters, which in turn also have to be provided.
For convenience, we use some abbreviations which are listed in the table below.

lNotation H Expression ‘Note ‘
Coll(R) RCI R7T is a collection
Total(R) RT =T R7 is a total relation
dom(R) RT NI domain of R
img(R) T:RNI range/image of R
RUniq(R) Coll (R”;R) RZ is a partial map

s
LUniq(R) RUniq (RV) (Rv) is a partial map
NonVoid(R) Total(T:R) RT #£10
Snglt(R) NonVoid(R) & RUniq(T:R) & RUniq (R“) R? is a singleton
DomSub(R, S) RT C ST domain containment
ImgSub(R, S) TR C TS range containment

For example, Coll(E) says that EZ is supposed to consist of pairs of the form
(a,a), Total(E) indicates that EZ is (left-) total, hence that for each a € U
there is some b € U with (a,b) € EZ. The reader is invited to formulate these
expressions in terms of set-theoretic relations.
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4 Preparations

Now let an ER model M be given. All information concerning M can be found
in a declaration which represents the static information about the model, and
which permits stating the validity of an instantiation for M. For the time being
we concentrate on entities and relations. Attributes will be added later on.

4.1 The Basic Model

If F is the domain of relation R with F' as its co-domain, then we will assume
that F and F are tight, i.e., that for each entity e there exists f such that (e, f)
is in R, similarly for F. This is indicated by F e— R—e F. In what follows,
entities and relations will be considered as elements of a fixed (but anonymous)
map algebra. An entity E is then represented through Coll(E), hence it consists
of pairs the first and the second component of which agree, and F e— R—e F’
translates to

DotDot(E, R, F) =, Coll(E) & Coll(F) & DomSub(E, R) & ImgSub(F, R).

. . . 1 1 e
Either relation e— or —e may be tightened to e— and —e, resp., indicating

uniqueness. Thus E o' R means in addition to E e R that (z,y) € RA(z,y) €
R = z = 2’ holds, which may be translated conveniently into LUnig(R). Simi-

larly, R'e F, which means (z,y) € RA (z,y') € R = y = ¢’ is translated into
RUniq(R). Note that either of these conditions depends only on the relation, not
on the domain or the codomain.

The different way a relation relates to its domain and its codomain may be
captured through the suitable combination of macros which are comprehensively
listed in the table below

l Situation ‘ Characterization ‘
Ee" R—e F|DotDot(E, R, F) & LUniq(R) & RUniq(R)
Ee" R—eF|DotDot(E, R, F) & LUniq(R)
Ee— R-"e F|DotDot(E, R, F) & RUniq(R)

4.2 Adding Place Holders

It may sometimes happen that information is incomplete: an element x is inserted
into entity F, and E e— R—e F' holds, but there is no y in F such that (x,y) is
to be inserted into R. This then would violate the condition E:T C R;T. There
may even occur some unpleasant situations when place holders are not admitted;
examples show that inserting an element may lead to a nonterminating loop of
insertions, cf [5].

For enabling insertions also under somewhat problematic conditions, we postu-
late the existence of place holders which are collected in a relation P, so that
in the situation considered (x,*) with x € P would be inserted into R. We as-
sume that Coll(P) holds, and that the entities are free of place holders, thus
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ENP = L is true for each entity E (note that this implies both T:ENT:P = 1L
and EsT NPT = L). Let Entity(P, E) =, Coll(E) & ENP = 1 denote that £
is an entity.

Inheritance. Immediate inheritance between entities is given through the IsA-
relation. Hence F IsA F translates into Inherits(P, E, F') =, Entity(P, E) &
Entity(P, F) & E C F. There are some restrictions to be observed concerning the
IsA-relation, mainly acyclicity and single inheritance, and the reader is referred
to the companion paper [9] for details.

Constraints on place holders. In [9] some constraints on the use of place holders
were formulated:

1.

No placeholder occurs twice as the first or the second component of a
pair in a relation R. Put NoTwice(P,R) =, P N (RN RI)T = L, then
NoTwice(P, R) &
NoTwice (P7 RV) should hold. (Literally, this constraint states that there are
no placeholders in the domain of the multivalent part of either R or R™, cf.
[10, pp.60-61].)
No placeholder occurs in two distinct relations R, S as the first components
of a pair, which is formulated as NoBoth(P, R, S) =, PN RTNST = L.
The analogous condition on second components holds.
No placeholder occurs both as the first component in relation R and as the
second component in relation S, hence

NoFirstSecond(P, R, S) =,,; NoBoth (P, R, S7).
No pair in a relation has place holders on both sides, thus

NoSamePair(P,R) =, , RN P T NT:P = 1.
The situation (x,y) and (z,y) with « # * (and, for symmetry, in the second
component) does not occur; this is captured through

NoDoubleFirst(P, R) =, , BRR NPT NT:P= 1L

and NoDoubleSecond(P, R) =, NoDoubleFirst(P, R”).

Summing up: If {Ry, ..., R} are the identifiers for all the relations in play, the
conjunction PlaceHolder(P, {Ry,..., R;}) should hold, where

PlaceHolder(P, {Ry, ..., Ri}) =pe;
k

&;_ NoTwice(P, R;) & NoTwice (P, R;)
k k

&;_,&;_.,NoBoth(P, Ri, R;)
k k - -

&, &, NoBoth (P, R, Rj)
k k

&i:l &j:1 NoFirstSecond(P, R;, R;)
k

&izl NoSamePair(P, R;)
k

&;_ NoDoubleFirst(P, R;)

(S S S o

k
& &, NoDoubleSecond(P, R;).

We reserve the map letter 7 for place holders.
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5 Map Letters

We assume that we have countably many map letters ri,ro,... at our disposal,
of which we reserve the first T initially for system purposes. We have reserved
already = for place holders. Some additional reservations will have to be done.

5.1 Blocks

The map letters with indices beyond T will be used for the ER model under
consideration in the following way. rr41,...,rr1s will be reserved for entities,
the next block of B map letters rr4s41, ..., rr+s+p will be reserved for relations,

and finally we will reserve the next block of A map letters for attributes. In case
of an insertion or a deletion, we reserve the next block of S map letters for the 6+
resp. d -values for entities, the next block of size B for those values for relations,
and finally the next block A map letters for attributes. We continue the sequence
with the results, according to the following scheme (with X' := S + B + A): if
entity E corresponds to map letter rr; with TE corresponding to rr, sy, then
EUGSTE will be deposited at rr 2.5 In the same linear way — proceeding in a
block wise fashion — we deposit the changed values for relations and attributes.
The arrangement of map letters is indicated in Fig. [

T+1 T+S T+S+B T+S+B+A

System Entities Relations Attributes

T+3+1 T+3+S

OEntities ORelations OAttributes

T+23+1 T+23+S

Entities,,, Relations,,, | Attributes,,

Fig. 1. Arrangement of Map Letters

5.2 Keeping Track

We keep a record the respective relations between entities and relations through a
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upon setting (i,j) € Track(t) < r; e—r,—er;. Define for the relational index
te{T+S+1,...,T+ S+ B} that t € LeftOne & i, j : Fi.il’t—.rj and
t € RightOne < Fi,j : r; Hrtlﬂ r;. Through these sets we get access to left-

and right-unique relations. Note that r; ot r;—er; implies ry ot r,—ery for all
r, that form the domain of r;.

Again, Track, LeftOne and RightOne can be shifted linearly along each X-block
of indices.

The reflexive and transitive closure IsA* of the inheritance relation is recorded
through a reflexive and transitive relation Up on the set {T'+1,...,T+S}; note
that this relation may be shifted linearly to the sets {T+k-X+1, ..., T+k-X+S}.
The necessary properties of IsA™ are described in [9].

Attributes If entity E is represented by map letter r; with i € {T'+1,...,T+ S},
then
Attributes(4) C{T'"+ S+ B+1,...,T+S+ B+ A}

is the set of map letters that are associated with E’s attributes. Clearly,
{Attributes(¢)| T+ 1< i< T + S}

forms a partition of the set {T'+ S+ B+ 1,...,T + S + B + A}. The
set Mandatory(i) C Attributes(i¢) contains the indices of all mandatory at-
tributes (those attributes which are defined on all of F), and the set Key(i) C
Mandatory(i) contains all indices of the key attributes. We assume having only
one set of key attributes per entity. It would be easy to work with a varying num-
ber of sets of keys for each entity, but this would only complicate the notation,
without adding any new ideas.

When we execute an insertion or a deletion, we change the contents of the map
letters by manipulating the extension of the corresponding data containers. Our
block oriented scheme ensures that this process can be repeated without much
ado by simply changing the base address where it all begins from 7" to T'+2- 3.

6 Insertions: Validity

This section formulates the validity of an ER model; this is done first without
taking attributes into account, leading to the notion of weak validity. Conditions
are formulated under which the weak validity of an ER model is preserved. Then
we add attributes to our discussion, and the notion of validity is formulated.
Again, conditions are given under which the attributes of the model arising
from insertions satisfy the constraints, this time leading to the instance of a
valid ER model. The treatment of deletions along similar lines was carried out
in [5], and it turned out to be simpler: we omit it for brevity here.

6.1 Weak Validity

An instance M of the ER model under consideration is weakly valid iff it satisfies
all the constraints imposed on the entities and the relations laid down in the
model’s declaration. This can be described now formally:
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Definition 3. The instance M is called weakly valid iff

&T+S+1gt<T+S+B &(i,j)eTrack(t)DOtDOt(ria Fe,r5)

&cLeroneL Uniq(r;)
&tERightOneRuniq(rt)
)
)

&T+1<i<T+S Entity(m, r;
PlaceHolder(m, {rr41,...,rr+s}

R S S

&<i,j>euP ri Crj.

Note that weak validity is formulated using a fixed base address T, which,
however, has not been incorporated into the notation that is already cluttered
enough.

6.2 Maintaining Weak Validity

The insertions to be performed start from a weakly valid ER model and main-
tains weak validity as an invariant, cf.[T.Il We will need some preconditions, and
elaborate on the insertions proper. If E is an entity, and dTFE contains the inser-
tions into E, then E U 6TE will be formed, and this will be the new version of
this entity. It is a bit more complicated with a relation R, since we cannot simply
form R U §TR without running the risk of violating NoDoubleFirst(P, R U §*R)
or NoDoubleSecond(P, R U §TR). Hence we have to clean up R by removing can-
didates for violations; they are easily seen to belong to

(TirNOTRT) U (mT N T6TR).
Thus we work with
[R,67R] =, R\ (Tim NSTRT)U (mT NT:67R))

instead of R and form [R,§"R] U J'R as the new version of relation R. Occa-
sionally we will replace the map letter m by the free variable P; the expression
then will be denoted by [R, 6"R] p.

For describing under which conditions weak validity is maintained, we need
preparations.

Lemma 1. Let R be a relation, and assume Entity(P, E). Then these implica-
tions hold:

1.
DomSub(E, R) Entity(P, E)
DomSub(6TE, §*R) Entity(P,6"F)
DomSub(E U67E, [R,6*R]p UJ*R)
2.

ImgSub(F, R) Entity(P, F)
ImgSub(§*F, §TR) Entity(P,d7F)
ImgSub(F' U §+F, [R,61R]p UJTR)




60 E.-E. Doberkat and E.G. Omodeo

In a similar way we can make sure that the new relation maintains its properties
as a map, or as the inverse of a map:

Lemma 2. Let R be a relation, then the following implications hold:

1.
LUniq(R) LUniq(6*R)
[R,67R] C To*R
LUniq([R,0TR]UdTR)
2.

RUniq(R) RUniq(6"R)
[R,6VR] C 6+R1
RUniq([R, 67R] U 67R)

It may be noted that both implications above can be reversed.
Use in what follows as abbreviations

F(AaB;C) =Dt AN (B N (Cyﬂ)) ;T = J|_,
H<AaBaC) per AN (B’TQC,T) =1
V(A,B,C) =y AB UBA UBB CC

Lemma 3. The following itmplications hold for any relation R:

1.
NoTwice(P, R) NoTwice(P, TR, 5TR)
I'(P,[R, 5+R]P , 5+R) (P, TR, (R, 5+R]P)
NoTwice(P, [R,6TR]p UItR)

NoBoth(P, R, S) NoBoth(P, 6*R, 6+5)
II(P,6*R,[S,6*S] ) II(P,[R,6*R], ,6%5)
NoBoth(P, [R,67R| , U+R, [S,0+5], UdtS)

NoSamePair(P, R) NoSamePair(P,§*R)
NoSamePair(P, [R,§tR], U 0*R)

NoDoubleFirst(P, R) NoDoubleFirst(P, §TR)
TR [R,6%R], C P T NT:P
NoDoubleFirst(P, [R,0*R], U 6TR)

NoDoubleSecond(P, R) NoDoubleSecond(P, 5 TR)
[R,0TR|p: 0t RC T:P NPT
NoDoubleSecond(P, [R,6TR], U 6*R)

Inherits(P, E, F') Entity(P,6F) Entity(P,01F) 6TE C FUJTF
Inherits(P, E U 0TE, F' U 6+F)
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Define the set Related(t) as the smallest subset K of {T'+1,...,7 + S + B}
sucht that ¢ € K, if u € K and (u,v) € Up, then v € K, and finally, if r; &—r; or
rj—er;, theniec Kiff j € K.

Thus if we want to insert something into, say, entity F, and E corresponds to
map letter r;, then Related(i) contains the indices of exactly those entities and
relations which are affected by this insertion.

Now let an entity or a relation correspond to map letter r;.

Definition 4. An insertion is called local at t iff
se{T+X,....,T+2- 2+ 1}\ Related(t) = r, = L.

Introducing this guard prevents the insertion or the deletion from violating the
invariants for the model by letting properties creeping in that are not really
controlled through our safety measures.

From the instance M a new instance M’ is generated by performing the inser-
tions. Put for each j € {1,...S}

rri2.o45 = rryj Urrps;.

This accounts for insertions into entities. As far as relations are concerned, we
set for each j € {S+1,...,B}

rrio.o4j = (1, rr o] U rrg oo,

accounting for the peculiar way we insert into a relation.
Upon shifting the base address from T to T + 2 - X, the weak validity of M’ can
be investigated:

Proposition 1. Let M be a weakly valid ER model, assume that an insertion
is local at some index t, then the ER model arising from the insertions is weakly
valid, provided that the following conditions are all satisfied:

1. &se{l,...,S} Entity(7r,rT+2+5),
2. &,cRelated(t)n{T+1,...,T+B}

(i.j)€Track(s) DomSub(rs i, rsys)
& Entity(rs1;) & ImgSub(rsyj, reys) & Entity(rsy ;)

3. &seLeftOneﬂRelated(t) r2+s;r}+s Cl& [I’S, r2+s] Clhreys&reys Ch [rsa r2+s]

4. &seRightOnemRelated(t) royslots C L& [rs,roys] Cropel&rsys Cre,roqs)sl
5. &scRelated(t){T+S+1,...,T+S+B}
N (rgﬂ N r2+s;ﬂ5—"—) =1L &N (r5+s N (r“2+ssﬁ);'ﬂ') =1
& I(m,[rs, rsts) s regs) & I'(m, [r;, rV2+S] T5ys)
& (T, roqs, [rs,rogs]) & I(m,re [rs,v rVEJrs})
6. &seRelated(t)ﬂ{T+S+1,‘..,T+S+B}

vERelated(t)N{s,...,T+S+B}
&ErN(rsrsT)N(ropyT) =1
H(Tr? rE+S7 [r’U) r2+v]) & H(Tra [rsa r2+s] ) r’U)
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7. &seRelated(t)m{T+S+1,...,T+S+B} reps Nm T N =1L
8. &scRelated(t)N{T+S+1,....T+5+B}
r2+5;r5+s NmT NT:7T=1
&roysi[rs, r}+s] CmT N7
9. &seRelated(t)ﬂ{T-‘rS+1,4..,T+S+B}
roysrzrs N i NmT = 1L
& [rs, r5+s] iroys C TsrNm T

10. &(i,j)EUpﬂRelated(T)xReIated(T) Entity(m, rx44) & Entity(m, rsyj) &reogps S U
o4

The conditions formulated above look certainly very technical, so let us interpret
the second and the last of them. The former one states conditions under which
EUSTE and FUJTF remain the tight domain and the tight codomain, resp., of
[R,5TR]USTR, provided E was the tight domain, and F' was the tight codomain
of R before the insertion. The conditions state that 67E needs to be an entity
such that dom(6TF) C dom(§*R) is true, hence each element to be inserted into
FE should be the first component of a pair to be inserted into R. In the same way
d1F is required to be an entity such that img(dtF) C img(dTR) holds. The last
condition simply states that for E U TE to inherit from RU §tR it is sufficient
that E inherits from F, and that 6TE is a subset of F'UJ"F, and that the new
sets are entities indeed. Similar interpretations are given for the other conditions;
this is left to the reader.

6.3 Looking at Attributes

Attributes are defined on entities (this is one of our restrictions, cf. Sect. [2),
they come in different flavors, as we will discuss now. An attribute a on entity
E is a partial map, so RUnig(«) should be satisfied, and its domain should be
contained in (the domain of) E, thus dom(a) C dom(E) should hold. Moreover
we assume attributes to have atomic values.

This requirement will be modelled as follows: We assume our universe I to be
structured as U = AU A*, where A # () are the atomic values, and A* denotes
the set of all words over the alphabet A, hence AN A* = () with € as the empty
word; as usual, we put AT := A* \ {e}. We reserve a map letter ¢ € {ry,...,rr}
for representing ¢ (hence Snglt(e) & Coll(g)) and permit only interpretations Z
that satisfy e = {(¢,€)}. The atomic entities in A are modelled through the
map letter v with Coll(v) & NonVoid(v) & vNe = L. In addition we postulate
that m C v holds.

Interpretations are restricted further by postulating that v* = {(a,b) € A% a =
b}. Moreover we assume the existence of canonic projections CAR and CDR
separating the head from the tail of a non-empty word, hence

CAR: AT 5ty ... b —t € A,
CDR: AT 3¢y .. ..t — tg...t, € A%

These projections are represented through the map letters A and p, corresponding
to CAR and CDR, resp; their properties will not be discussed here, the reader
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is referred to [9] 3.1]. We abbreviate for later use the i*® projection (hence the
operation of extracting the i*" component of a tuple) by

ZW =, (i=17CAR: ZU"":CDR)

—De

7D = (=17 x: 70Dy,

the latter abbreviation preparing for the use of map letters later on.
Returning to attributes: a mandatory attribute o on entity F is characterized
through

dom(a)) = dom(E) & Tsm Nimg(a) = L.

If {ag,...ay} is a collection of key attributes on F, then [9] shows that this

property means
RUniq (ﬂ Z(”l);a;)

i=0
to hold.
Lemma 4. The following properties hold:
1.

RUniq(a)?(a, dta, T)
RUniq(a U §ta)

dom(a) = dom(E)
(0ta\a):T = (0TET)\ (BT)
dom(a U dta) = dom(F U 0TE)

The conditions laid down in Lemma [ permit stating conditions under which
some attribute conditions persist under insertion. The exception is a condition
which permits being a member of a family of key attributes stable under inser-
tions. The criterion is formulated in Lemma Bl Abbreviate for the map expres-
sions Aq, ..., Ag, Bo,..., By and for J, K C {0,...,k}

A, (Ao, -, Ak, (Bos s Bi)) =pur [] As (z<ﬂ'+1>) N
jeJ
M (B;\4): (209
it
F(J,K, <A0,...,Ak>,<Bo7...7Bk>) =pet A(J, <A0,...,Ak>,<Bo,...7Bk>)
s A(K, (Ao, ..., Ag), (Bo, ..., By))”

With these notations we may formulate:
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Lemma 5. Invariance of a key under insertion is maintained by the following
condition:

k -
‘%i:OLUn'CI(Oéi)
&, _,LUniq(6%a;)
&JQ{O,.A.,IC}&KQ{O,...,IC} F(J, K, <Oéo, N ,Ozk>, <5+Ozo, N ,5+Ozk>) g ]I
LUniq (ﬂfzo Z+0s (a; U (5+ai)v>

It should be noted that the formulation above requires (ao,...,ax) as well as
the tuple (d%ag \ ap,...,0Tay \ ax) to have the properties of key attributes.
The condition just formulated is exponential in the size of the key, consequently,
it is not very convenient for practical purposes. On the other hand, it is exact,
because a key can be extended if and only if the condition above is satisfied. It
would be desirable to develop a more practical, if only sufficient condition for
the invariance under insertions of the property being a key.

Now call an ER model M walid iff it is weakly valid, and if the conditions on
attributes that have been laid down in the model’s declaration are satisfied.
Formally:

Definition 5. The ER model M is called valid iff
1. M is weakly valid,
2. the attributes satisfy
T+1<i<T+5 jeAttributesi) RUNiq(rj) & dom(r;) € dom(r;) & img(r;) C v
&
&T+1<z<T+S&jeMandatory(i) dom(rj) = dom(r;) & T N img(rj) =1
&

&ri1cicryis let {i1, ..., i;}=Key(i) in RUniq (m;’zl Z(”l)sr;)

We will state now conditions under which the attributes of the changes ER
model M’ will cater for the model’s validity after the construction process is
extended to attributes in the obvious way. Investigating validity requires us to
exploit properties of the change sets 6 for attributes in the context of their
relations to the change sets for entities (note that we do for the time being
without attributes on the relations on M).

Proposition 2. Suppose that the ER model M is valid, and that in addition to
the properties [l —[I0 from Proposition [l the following properties are satisfied,
when performing an insertion that is local at some index t:

1. &ieRelated(t)ﬂ{T+1,...,T+B}&jeAttributes(i) Fopiroe CL&W(r,rey;, 1) &
Tirsy; Co
2. &ieReIated(t)ﬂ{T+l,...,T+B}&jeMandatory(i) (reg i \ )T = (rgpsT)\ (rsT)
3. &icRelated(H)N{T+1,...,T+B} &jeMandatory(i) 17 N Tirg; = 1
4. &icRelated(t)N{T+1,...,T+B}
let Key(i) = {ig,...,ix} in
TC{0, ky &rcio,. by DS K (Figy ooy Fiy )y (g - - o5 Pxgay)) ©
Then M’ is a valid ER model.
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7 Further Work

This work was performed under some simplifying assumptions: we did assume
that we work only with attributes on entities, and that we have a rather scant
selection of cardinality restrictions. Both assumptions are not essential for our
approach, and we feel that they should be removed. Another technical issue
addresses the fact that we work with binary relations only. The discussions con-
cerning projections shows, however, that it should not be too difficult to extend
our scenario for incorporating n-ary relations (although the notation then be-
comes slightly unbearable). From a modelling point of view, we work here in a
somewhat untyped environment: we do not have sorts for different entities, but
rather assume that one sort fits all. This is fairly problematic in applications,
and not entirely practical. Introducing sorts is another step we feel should be
undertaken (along with a detailed comparison of both approaches).

Finally, some temporal aspects may be considered: [5] shows briefly how tech-
niques from model checking may be used for arguing about the properties of an
ER model.
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Abstract. Dynamic logic has become a very useful tool in Computer
Science, with direct applications in system specification. Here we show
how to interpret first-order dynamic logic in an extension of the rela-
tional calculus of fork algebras. That is, reasoning in first-order dynamic
logic can be replaced by equational reasoning in the extended relational
calculus. This allows to: (a) incorporate the features of dynamic logic
in a relational framework, and, (b) provide an equational calculus for
reasoning in first-order dynamic logic.

1 Introduction

The results reported in this article are part of a project on relational specification
of computer systems. Dynamic logic is a framework suitable for the specification
of dynamic properties of systems, and the interpretability of first-order dynamic
logic in a relational calculus shows that this calculus is adequate for specifying
those properties of systems captured by first-order dynamic logic. These results
go a step further with respect to previous results on the interpretability of logics
in relational frameworks. In [17], a proof is presented for the interpretability of
classical first—order logic in a relational calculus. In [14], Orlowska uses relational
proof systems, which are calculi following a Rasiowa—Sikorski style [15], in order
to make deductions in propositional multimodal logics. Later, in [4], Frias and
Orlowska present techniques similar to the ones used here in order to reason in
multimodal logics, propositional dynamic logic and relevance logics.

We present an equational calculus (w-CCFAT) extending the relational cal-
culus [16], and prove that semantic entailment in dynamic logic is fully captured
by proofs in the calculus. To be precise, we prove the following theorem, in which
Ty maps sentences to relational expressions:
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Let I' be a set of sentences in the language DL (of Dynamic Logic)
and let ¢ be a sentence in the language DL. Then,

F):DL()D s {To(’y):l:’yef}l—w_ccp,ﬁ T()(@):l

Of course, a calculus whose language does not have a clear semantics runs a
serious risk of not being used. This is why we introduce an intentional semantics
for w-CCFA™ in terms of binary relations, and prove, as the second contribution
in this paper, a representation theorem stating that models of the calculus are
indeed isomorphic to the intended models.

Applying the results in the paper is very simple. For the reader who only
wants to use the calculus the paper is self-contained, since the mapping from
dynamic logic is given, the axioms of the calculus are available, and the inference
rules are very easy to apply. The reader intending to fully grasp all the details
present in proofs will require some knowledge on universal algebra, dynamic logic
and relation algebras. As the source material in universal algebra, we suggest [1].
For results on dynamic logic, the book by Harel, Kozen and Tiuryn [6] contains
all the required material. Finally, for results on relation algebras, the article [13]
and other papers by Maddux contain all the background material required.

The paper is organized as follows. In Sect. 2 we present the syntax and
semantics of dynamic logic. In Sect. 3 we present the calculus, its semantics and
the representation theorem. In Sect. 4 we present the main results, including the
interpretability theorem. In Sect. 5 we present our conclusions about this work.
We also include an appendix, in which the proof of the representability theorem
and a detailed sketch of the proof of interpretability are given.

2 Dynamic Logic

Dynamic logic is a formalism for reasoning about programs. From a set of prim-
itive actions (also called programs), and using combinators, it is possible to
build complex actions. The logic then allows to state properties of these actions,
which may hold or not in a given structure. Actions can change (as usually pro-
grams do), the values of variables. We will assume that each action reads and/or
modifies the value of finitely many state variables. When compared with classi-
cal first-order logic, the essential difference is the dynamic content of dynamic
logic, which is clear in the notion of satisfiability. While satisfiability in classical
first—order logic depends on the values of variables in one valuation, in dynamic
logic it may be necessary to consider how actions modify the values of variables.
This is done by considering two valuations: one valuation reflecting the values
of variables before the action is performed, and another holding the values of
variables after the action is performed.

Along the paper we will assume a fixed (but arbitrary) finite signature
Y ={(s,A F,P), where s is a sort, A = {ai,...,a, } are the primitive action
symbols, F' = { f1,..., fx } are the function symbols, and P = {p1,...,pm }
are the atomic predicate symbols. We will work in the monosorted case for sim-
plicity, but the whole development extends strightforwardly to the manysorted
case.
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Definition 1. The sets of programs and formulas on X are the smallest sets
Prg(X) and For(X) satisfying:

1. a € Prg(X) for all a € A.

2. Ifr,s € Prg(X), then {r*,rUs,r;s} C Prg(X).

3. If « € For(X), then a? € Prg(X), and is called a test program.

4. The set of classical first-order atomic formulas on the signature X is con-
tained in For(X).

5. Ifa, B € For(X) and x is a variable, then { ~o, a0V 3, (3x) o} C For(X).

6. If « € For(X) and p € Prg(X), then (p) o € For(X).

As is standard in dynamic logic, states are valuations of the (state) variables.
The set of states will be denoted by S. For the rest of the paper we will assume
a fixed (but arbitrary) structure S = (s,ms), where s is the carrier of the
structure and mg is the meaning function. The meaning function operates on
functions and predicates as is standard in classical first-order logic. Given an
action symbol a € A, mg(a) C S x S. Given a term ¢ denoting an object from s
and a state v, m,(t) denotes the value of ¢ in the state v. When § is fixed, we
will use just m instead of mgs. The semantics of complex actions and formulas is
given in the next definition. The notation S, v |=pr, @, is to be read “the formula
« 1s satisfied in the structure S by the state v”. When S is clear from the context,
we will use the notation v =py, @ with the same meaning.

Definition 2. The semantics of programs and formulas is given as follows.

1. If a € A, then m(a) is already defined.

2. If a = b*, with b € Prg(X), then m(a) is the reflexive-transitive closure of
the binary relation m(b).

3. If a = bUc, with b,c € Prg(X), then m(a) is the union of the binary relations
m(b) and m(c).

4. If a = bse, with b,c € Prg(X), then m(a) is the composition of the binary
relations m(b) and m(c).

5. If a = a? with o € For(X), then m(a) = {(v,v) : v |EpL a }.

6. If o =p(t1,...,tn) withp € P, v EpL ¢ if (my(t1),...,my(t,)) € m(p).

7. If p = -« then v =pyr,  if v FEpL .

8 Ifop=aVp, thenv EpL ¢ if viEpL a or v Epy .

9. If p = (Fz)a, then v =pr ¢ if there exists a € s such that V¢ Epr a (V2

denotes the valuation that agrees with v in all variables but x, and satisfies
vi(z) =a).

10. If o = (p) a, then v |=pr, @ if there exists a state V' such that (v,v') € m(p)
and V' Epr, a.

3 Omega Closure Fork Algebras

We begin this section presenting the calculus for closure fork algebras (CCFA),
an extension of the calculus of relations (CR) [16] and of the calculus of relations
with fork [2]. Because the theory of first-order dynamic logic is not recursively
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enumerable, the CCFA with its recursively enumerable theory cannot be the
target of the interpretation. In order to overcome this restriction, in Def. 6 we
will define the calculus w-CCFA by extending the CCFA with an appropriate
infinitary equational inference rule. In order to give a better understanding of
the semantics of the calculi, in Def. 9 we define the class of proper closure fork
algebras. In Thm. 1 we present a representation theorem showing that every
model of w-CCFA is isomorphic to some proper closure fork algebra.

Definition 3. Given a set of relation symbols R, the set of CCFA terms on R
is the smallest set T(R) satisfying:

1. RU{0,1,1,1',} C T(R),
2. If x,y € T(R), then {T,&,2", 2%, x4y, x-y,x;y,2Vy } CT(R).

Definition 4. Given a set of relation symbols R, the set of CCFA formulas on
R is the set of identities t; = ta, with t1,t2 € T(R).

In order to define the calculus CCFA it only remains to provide the axioms
and inference rules. Since the calculus of relations extends the Boolean calculus,
we will denote by < the ordering induced by the Boolean calculus in CCFA. As
is usual, z < y is a shorthand for x+y = y.

Definition 5. The identities described in 1 to 5 below are the axioms of CCFA.

1. A set of identities aziomatizing the relational calulus [16].
2. The following three identities for the fork operator:

xVy = (z; (V1)) - (y; (1VL)), (Az. 1)

(@Vy);(zVw)” = (z;2) - (y;w), (Az. 2)

(IPV)'VAVD) <71, (Az. 3)

3. The following three axioms for the choice operator, taken from [11, p. 324]:
2%312° < 17, (Az. 4)

z°:1;2° < 1, (Az. 5)

1; (z-2®) ;1= 1;2;1. (Az. 6)

4. The following two axioms for the Kleene star:

=1 + z;2%, (Az. 7)

iy <y + 2" (Y- zy). (Az. 8)
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5. Let us denote by Iy the term ((1V1)V;1V1) 1. Then, the following aziom
is added
1;Ty;1=1. (Az. 9)

The inference rules for the calculus CCFA are those of equational logic (see
for instance [1, p. 94]). For the next definition, given i > 0, by 2* we denote the
relation inductively defined as follows: z' = z, and 2*+! = z;2".

Definition 6. We define the calculus w-CCFA as the extension of the CCFA
obtained by adding the following inference rule:

I <y o' <ykFatl <y (ieNN)
Fa* <y

Definition 7. A model of the identities provable in w-CCFA will be called an

omega closure fork algebras. The class of omega closure fork algebras is denoted
by w-CFA.

The intended (standard) models of the w-CCFA are the Proper Closure Fork
Algebras (PCFA for short). In order to define the class PCFA, we will first define
the class of Pre Proper Closure Fork Algebras, denoted by ePCFA.

Definition 8. Let E be a binary relation on a set U, and let R be a set of binary
relations satisfying:

1. JRCE,

2. 1d (the identity relation on the set A), O (the empty binary relation) and E
belong to R,

3. R is closed under set union (U), intersection (M) and complement relative
o B ()

4. R is closed under relational composition (denoted by o), converse (denoted

by =), and reflexive-transitive closure (denoted by * ).

*: U x U — U s one-to-one.

. R is closed under the fork operator (V ), defined by the condition

> o

SVT ={(x,y*z):(x,y) € S and (z,z) € T} .
7. R is closed under ©, the set choice operator defined by the condition:
2 Cxand|z®|=1 <= z#0.
Then, the structure ( R,U,U,N,,0, E, o0, Id,~ ,V,° * %) is a ePCFA.

Notice that z° denotes an arbitrary pair in x. This is why x° is called a choice
operator. We will call the set U in Def. 8 the field of the algebra, and will denote
the field of an algebra A by Us.

Definition 9. We define the class PCFA as Rd e PCFA where Rd takes reducts
to structures of the form ( R,U,N, 0, FE, o0, Id,”, V,°,*).
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Notice that given 20 € PCFA, the terms (' V1)” and (1V1’)” denote respectively
the binary relations {{(axb,a):a,b€ Uy} and {{(axb,b):a,b € Uy }. Thus,
they behave as projections with respect to the injection x. We will denote these
terms by 7 and p, respectively. If we call splitting an object a € Uy for which
there exist b, ¢ € Ug such that a = bxc, then 1’y is a part of the identity relation
whose domain contains all the non—splitting objects. Ax. 9 states that the set
on non-splitting objects (that we will call urelements) is nonempty. We denote
the set of urelements of a PCFA 2 by Urely. From the fork operator we define
the binary operator ® (cross) by the condition z®y = (m;2) V (p;y). When
interpreted in an algebra 26 € PCFA, ® behaves as a parallel product:

x@y={(axbcxd):{a,c)€x N (byd)ycy}.

Definition 10. Given an algebra 2l and a class of algebras K, 2 is representable
in K if there exists B € K such that 2 is isomorphic to B. If h is such an
isomorphism, then the pair (B, h) is a representation of A in K. This notion
generalizes as follows: a class of algebras K is representable in a class of algebras
K> if every member of Ki is representable in Ks.

We finally present the representation theorem for omega closure fork algebras,
which is reproduced and proved as Thm 3 in the Appendix.

Theorem 1. The class w-CFA is representable in PCFA.

4 Interpretability of DL in w-CCFA

For the following definitions, o and 7 will be sequences of numbers increasingly
sorted. Intuitively, these sequences will contain the indices of those variables that
occur free in the formulas (or terms) being translated.

Notation 1.

— Pos(n,o) denotes the position of the index n in the sequence o.

— 0 @ n denotes the extension of the sequence o with the index n.

— o(k) projects the element in the k-th position of o.

— If 1 is a subsequence of o, o —7 denotes the sequence containing those indices
in o but not in T.

— Let 7 and o be disjoint and with Length(t) = L and Length(c) = la. Let

a=ai*---*aj, and b= byx---xb;, encode the values for the variables whose
indices occur in T and o, respectively. Merge, ,, from the input axb, builds
the encoding for the values of those variables whose indices occur either in
T oro.
Ezample: Let T = [3,5] and 0 = [2,4]. Let a = a1 xaz and b = by xby. Then,
Merge, , sends the object axb to the object by x a1 x ba x az. The relational
expression for Merge, » (which of course depends on the specific T and o
being considered) is (p;05(v2)) V (7307 (v3)) V (p;05(va)) V (7307 (v5)).

— Finally, given a formula or term e, by 0. we denote the sequence of all indices
of variables with free occurrences in e.
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A relation x is right ideal if x = x;1. Intuitively, each element in the domain
is related to all the elements in the universe.

Definition 11. By w-CCFAT(X) we denote the extension of w-CCFA obtained
by adding the following equations as axioms.

1. 'y <1y (elements from s do not split).

2. In the first paragraph of Section 2 we assumed that actions modify finitely
many state variables. If a € A reads or modifies k state variables, we add
the equation

(1’S®--~®1’s);a;(1’s®---®1’s) =a.

k—times k—times

3. For each f:s" — s € F, we add the equation

fu;(]-,s® T ®1’s 7f S 1’5;
k—times

stating that f is a functional relation of the right arity.
4. For each p € P of arity k, we add the equation

(]-’s@ ®1,s);p;1 =D,

k—times

stating that p is a binary right-ideal relation relating the right amount of
mnputs.

Notice that given finite A, F' and P, only finitely many equations are introduced
in items 1-4 above. As before, we will assume a fixed but arbitrary signature X,
and use the notation w-CCFA™ as a shorthand for w-CCFAT ().

Definition 12. A model for w-CCFAT is a structure A = (A, m) where 2A €
w-CFA and my is the meaning function. When A is clear from context, we

will note my simply by m. The meaning function operates on the language of
w-CCFA™ as follows.

1. m(s) is a partial identity belonging to 2.

2. For each a € A reading or modifying k variables, m(a) satisfies the typing
condition in item 2 of Def. 11, and extends homomorphically to complex
action terms.

3. For each f € F, m(f) € A is a functional relation. If f : & — s, then m(f)
satisfies the typing condition in item 3 of Def. 11.

4. For each p € P, m(p) is a right-ideal relation. If p has arity k, then m(p)
satisfies the typing condition in item 4 of Def. 11.

Definition 13. An w-CCFAY model (24, m) is full if A has domain P (S x S)
for some nonempty set S, and the operations have their intended set—theoretical
meaning.
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In the following paragraphs we will define a function mapping For(X) to terms
in w-CCFA™. The definition proceeds in two steps, because terms (as well as
formulas) must be translated.

Notation 2. We will denote by IT(S) the set of terms over indiwviduals from
DL that can be built from constant and function symbols belonging to S.

Definition 14. The function 0, : IT(F) — T(F), mapping individual terms
whose variables have indices in o to relational terms, is defined inductively by
the conditions:

5 B pPosa) =1 0 if i is not the last index in o |
U(Ui) pLength(a)—l

S (f(t1y. o stm)) = (0o (t1)V -+ Vou(tm)); f for each f € F .

Before defining the mapping T, translating For(X), we need to define some
auxiliary terms. For o of length [, n € IN and k = Pos(n,o @ n), we define the
term A, , by the condition!

if © is the last index in o .

A _ 6a(va(1))V R V(;o(vo-(kfl))VIs V5g(va(k))v e Vég(vo(l)) if k& S l,
7 00 (o)) V -+ Vs (o)) Vs if k=1+1.

The term A, ,, can be understood as a cylindrification [7, 8] in the k—th coordi-
nate of an /-dimensional space.
Given a subsequence, 7, of o, of length k, by I, » we denote the term

5U(UT(1))V cee V(SU(UT(k)) .

This term, given an object storing values for the variables whose indices occur
in ¢, builds an object storing values for the variables occurring in 7.

In the next definition we present functions M, and T, mapping action terms
and formulas, respectively, to relational terms. The general assumption in the
definition, is that whenever we apply M, to a program p, o includes all the
indices of state variables occurring in p. Similarly, if we apply T, to a formula
a, then o includes all the indices of variables with free occurrences in a.

Definition 15. The functions M, and T, are mutually defined by

1. My(a) = Ilso,;0 V Iy 6_y,) ;Merges, o—o,, for each a € A,
2. My(R*) = M, (R)",

3. M,(RUS) = My(R)+M,(S),

4. My(R;S) = My(R); M5 (S),

5 M,(a?) =T,(a) 1,

6. To(p(te, .. stn)) = (0o (t1)V -+ Vs (tn)) ;p,

7. Tp(—a) =Ty (a),

8. Ta(a\/ ): U(a)+To(ﬂ);

9. To (Fui) o) = A i Togi(v),

! By 1. we denote the relation 1;1',.
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10. T5 ({p) @) = My (p); To ().

Notation 3. We will denote by F,-ccea the entailment relation in the calculus
w-CCFA.

As usual, a formula a will be called a sentence if it does not contain any
free occurrences of variables. The next theorem states the interpretability of
presentations of theories from DL as equational theories in w-CCFA. A detailed
sketch of the proof is given in the Appendix, Thm. 8.

Theorem 2. Let I'U{p} be a set of sentences. Then,

I'=pr e = {Ty(v)=1:vel}Fyccra+ Tylp) =1.

5 Conclusions

Since the interpretability of first-order dynamic logic allows one to reason about
UML-like diagrams with dynamic content in an equational calculus, the results
in this paper are at the heart of relational methods in computer science.

The contributions of this paper can be summarized as follows:

. Definition of the class of omega closure fork algebras.
. Definition of the class of proper closure fork algebras.
. Proof of a representation theorem of w-CFA in PCFA.
. Definition of a complete calculus for PCFA.

. Proof of an interpretability theorem of first-order dynamic logic in the cal-
culus w-CCFA.

Tk W N+~

Reasoning about properties of UML-like diagrams with dynamic content
can be done in two ways. One way is by using formulas from dynamic logic to
represent diagrams, and then translate the formulas to relational equations. The
other way is by skipping the passage through dynamic logic and using relational
equations directly.
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A On w-CCFA

Theorem 3. The class w-CFA is representable in PCFA.

Proof. Let 2 € w-CFA. Let us consider the fork algebra reduct 2 of the algebra
2. By the representation theorem for fork algebras [3, 5] there exists a represen-
tation (€', h) of 2’. Let us consider the structure € = (€', %) where ¢ and *
are defined by the conditions:

&=h ((if1 (x))o> and 2% = h ((if1 (x))*) for each z € €.

It is easy to check that h : ) — € is an w-CFA isomorphism. It is also easy
to check using the infinitary rule that for z € 2, 2* = lub { i ew } Thus,
using the isomorphism h, we can prove that for each x € €,

tt=lub{z':icw}. (1)

Notice that it is not necessarily the case that for x € €, 2* equals the reflexive-
transitive closure of z, since infinite sums may not correspond to the infinite
union of the binary relations?. Let D be €’s relation algebra reduct. Since D is
point—dense (see [11,12] for details on point-density), by [11, Thm. 8] © has a
complete representation® (D', g). Since the representation is complete, g satisfies

gub{z;:iel})=]g() .

i€l

Let B = (D', V,°,*), where V, ¢ and * are defined as follows:

Then, g : € — B is also an isomorphism. That V as defined is a fork operation

on B follows from the fact relations g(7) and g(p) are a pair of quasi-projections

[11,17] in B. Since © satisfies Ax. 4-Ax. 6, it is a choice operator. Finally, let us

check that x* is the reflexive-transitive closure of z, for each = € 8.

2 Examples of proper relation algebras in which lubA does not agree with |J A (for
some subset A of the universe) are given in [9, 10] and elsewhere.

3 A representation (A, h) is complete if h maps infinite suprema into the corresponding
infinite set unions.
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x ((g—l (:c))i> (by Def. z*)
=g (lub{ (gfl(w))i 1>0 }) (by (1))

8
|
S

=1)9 ((9_1(33))1) (g complete representation)
i>0

= U (9 (gfl(w)))i (9 homomorphism)
i>0

= U a’. (g one-to-one)
i>0

The last union computes the reflexive-transitive closure of the relation x, as was
to be proved, and therefore B € PCFA. Finally, (9B, g o h) is a representation of
the w-CFA 2 in PCFA. a

B On the Interpretability of DL in the w-CCFA™

Notation 4. Given a structure A = (s,m), a valuation of the individual vari-
ables v, and A € PCFA such that Urely 2O s, by s, , we denote the element
a1 *---xa;*-*a, € Uy such that:

1. n = Length(o),
2. a; = V(Vo(;)) for alli, 1 <i < n.

In case 0 = (), s, denotes an arbitrary element from Uy-

Definition 16. By the FullPCFA with set of urelements U (U a nonempty set),
we refer to the algebra A constructed as follows:

1. Let (U*,x) be the totally free groupoid with set of free generators U.
2. Let B be the full algebra of binary relations with field U*.
3. Let A= (B, V,%*) where V, ° and * are defined by:

RVS={{x,y*xz):aRy N zSz} .
R® = {{a,b) }, with {(a,b) € R, arbitrary .

R* = the reflexive-transitive closure of R .

Definition 17. A w-CCFAY model (A, m ) is full if A is a FullPCFA.

Theorem 4. Let o € For(S) and let A be a structure for X. Then there exists
a full w-CCFAT model B = (B, m’) such that*

A, v EpL a = Sv.0, € dom (m' (T, (a))) .

4 Given a binary relation R, by dom (R) we denote the domain set of R.
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Sketch of the Proof. Assume A = (s,m). Let us define B as follows.

. Let B be the FullPCFA with set of urelements s,

-m(a) ={{Sv,00: 50000 (1, V') € m(a) }, for each a € A,

./ (f) ={{a1 x--*a;,b) : m(f)(ar,...,a;) =b}, for each f € F,
.m/(p) ={{a1 x---*a;,b) : m(p)(ai,...,a;) and b € Uy }, for each p € P.

=W N =

The proof continues by proving by simultaneous induction on the structure of
programs and formulas the following properties. Let o be an arbitrary sequence
of indices. Then:

a) for each R € RT(XY) with o extending og,
m' (Mo (R)) = {(sv.0, $1.0) : (v,V) €m(R) } .
b) for each 3 € For(S) and ¢ extending og,
dom (m/ (75(8))) = {sv.0 - A,v EpL B} -
Finally, the theorem follows from b) choosing o to be o,. O

Corollary 1. Let a € For(X) be a sentence, and let A be a structure for X.
Then there exists a full w-CCFAT model B = (9B, m) such that

Alsza = m(T<> (a)) =1.
Proof.

AEpLa < A vpy afor each v (by Def. =pr)
< s, € dom (m (T} (a))) for each v . (by Thm. 4)

Since s, () denotes an arbitrary element from Us,
AkE=pra = e € dom (m (Tp(«))) for each e € Us .
Finally, since m (T<> (a)) is a right-ideal relation,
AEpL a = m (Ty(e)) =1.
0

Notation 5. Let A € PCFA, s =ay x---*ay (a; € Urely for all j, 1 <j <k),
and i such that 0 < i < k. By vs; we denote the set of valuations of individual
variables v satisfying v(v;) = a; for all 1 < j <+i. In case i =0, for each s € Uy
Vs denotes the set of all valuations.

Theorem 5. Let a € For(X) and A= (A, m) be a full w-CCFAT model. Then
there exists a structure B such that

s € dom (m (T, (a))) = B,v=pr o forallv € vs o, .



Interpretability of First-Order Dynamic Logic in a Relational Calculus 79

Sketch of the Proof. Let B = (s, m’) with

1. s = Urely,
2. (a) For each a € A, m/(a) = {{(v,V/') : (Sv.00+ 507 ,0,) € M(a)} .
(b) For each f:s* —s€F,

m'(f)(ar,... ax) =b  iff (a1 % xag,b) € m(f) .
(c) For each p C s* € P,
(ai,...,ax) € m'(p) iff  ayx---xag € dom (m(p)) .

The remaining part of the proof follows by induction on the structure of terms
and formulas and is analogous to the proof of Thm. 4. O

Corollary 2. Let o € For(S) be a sentence, and let A = (A, m) be a full
w-CCFA™ model. Then there exists a structure B such that

B)ZDL()( <= m(T<>(a)):1.
Proof. Let B as in Thm. 5. Then

BlEpL a < B,v EpyL « for each v (by Def. E=pr)
<= for each s € Uy, B,v |=pr, o for each v € v, (y (by Def. v )

<= s edom (m (Ty(e))) for each s € Uy (by Thm. 5)

< dom (m (T (a))) = Ux (by Def. dom)

— m(Ty(a) =1. (by Ty () right-ideal)

O

Notation 6. We will denote by Epu; the semantic consequence relation on the
class of full w-CCFA models.

Theorem 6. Let ' U{p} be a set of sentences. Then,
I'kpre = ATy =17} FraTylp)=1.

Proof. In order to prove the theorem, it suffices to show that

I'lEpr e — {Ty( =1:vel} Fra Tylp) =1. (2
Formula (2) follows from Cors. 1 and 2. O
Theorem 7. Let V be the variety generated by FullPCFA. Then, V = w-CFA.

Proof. From Thm. 1, every w-CFA is isomorphic to some PCFA. A proof similar
to the one showing that proper relation algebras are isomorphic to subalgebras
of products of full proper relation algebras, shows that® PCFA C ISPFullPCFA.
Thus, w-CFA C ISPFullPCFA C HSPFullPCFA.

Since FullPCFA satisfies the equations defining w-CFA and equations are pre-
served by H, S and P, HSPFullPCFA C w-CFA. O

5 Given a class of algebras K, by IK we denote the closure of K under isomoprhisms.
By HK, the closure of K under homomorphic images. By SK, the closure of K
under subalgebras. By PK, the closure of K under direct products.
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Notation 7. Given a class of algebras K, by EqTh(K) we denote the equational
theory of K, i.e., the set of all valid equations in K.

Theorem 8. Let I'U{p} be a set of sentences. Then,
I'Epry A {Ty(v)=1:veTl} Foccra Tyle) =1 .

Proof. By Thm. 6,

F’:DLSO <~ {T()(’Y)le’}/ep}':Fu11T<>(<p):1.

It then suffices to show that given a set of equations E U { e},

E Epun e = Elyccrae .
=)
E >:Fu11 e=F ):w—CFA e (by Thm. 7)
= FU EqTh (w-CFA) = e (by Def. w-CFA)
= F U EqTh (w-CFA) e . (by completeness of eq. logic)

Notice now that an equational proof of e from E U EqTh (w-CFA) will be a
finite height tree whose leaves are equations in EqTh (w-CFA). In order to
show that F F,-ccra €, it suffices to replace each leaf in EqTh (w-CFA) by
its corresponding proof in w-CCFA.
<) Let us proceed by induction on the height of proof trees.
e If the tree has height 1, then e € F or e is an axiom of w-CCFA. Clearly,
E =pan e.
e Assume the implication holds if there is a proof of an equation € from
FE of height n, and let II be a proof of e from E of height n + 1. The
only nontrivial case is when IT is of the form

I II; I
PV <y .. Fa'<y Fa™li<y .
Fao* <y

By inductive hypothesis,

ElErpm <y, ...,EErmz’ <y, EFpa 2™ <y, ...

i

which implies F FEpa 2% < y.
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Abstract. The formalism of GUHA style data mining is confronted with
the approach of relational structures of Orlowska and others. A compu-
tational complexity result on tautologies with implicational quantifiers
is presented.

1 Introduction

The first aim of the present paper is to compare the logic of observational cal-
culi, presented is depth in the monograph [5] and serving as foundation for the
GUHA method of automated generation of hypotheses, (see e.g. [6/7]) with the
formalism of relational structures as presented in [11] (see e.g. Chapter 16 by
Diintsch and Orlowska). Our main aim is to contribute to “building bridges”
between these two approaches by showing some possiblities of mutual influence
and application. For this purpose we survey, in Section 2,various kinds of re-
lations emerging in this context and present, as an illustration, the notion of
an i-algebra (Boolean algebra with an implicational relation) and formulate a
corresponding representability problem. The second aim is to present a result
on the computational complexity of an important class of logical formulas called
implicational tautologies, i.e. formulas built using a binary quantifier =* and
logically true for each interpretation of =* as an implicational quantifier (in the
sense of GUHA): the set of all such tautologies is shown to be co-NP-complete.

The two parts of the paper can be read independently of each other; the
reader not familiar with GUHA finds in the first part all definitions needed for the
second part. Interestingly, the second part makes non-trivial use of mathematical
fuzzy logic.

Support of COST Action 274 TARSKI (Theory and Applications of Rela-
tional Structures as Knowledge Instruments) is acknowledged. The second part
of the paper is also relevant for the grant project A13004,/00 of the Grant Agency
of the Academy of Sciences of the Czech Republic. Thanks are due to an anony-
mous referee, whose remarks helped to improve the paper.

2 Relations — Where Are They from

One basic notion common to both approaches is that called information system
U in the terminology of [OI10/1213] and data matriz or observational model in
GUHA. Tt is given by a finite non-empty set U of objects, a finite non-empty
set A of attributes, each a € A having a finite domain V, and an evaluation

H. de Swart (Ed.): RelMiCS 2001, LNCS 2561, pp. 81-87] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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function f, assigning to each u € U an element f,(u) € V,. More generally,
one may assume f,(u) C Vg; less generally, one may assume f,(u) € {0,1}, i.e.
Va = {0,1} for all a. Obviously, the most general notion is reducible to particular
case of {0, 1}-valued attributes by an appropriate coding; for simplicity we shall
restrict ourselves to this particular case[] Without loss of generality assume
U={1,...,m}and A= {1,...,n}. Then the system U is obviously coded by a
matrix {u; ;}7=1""" of zeros and ones where u; ; = f;(i). Name the j-th column
of the matrix by7 a predicate P;.

GUHA uses monadic predicate calculus with generalized quantifiers. Open
formulas are built from atomic formulas P;(x) (where P; is a unary predicate
and x is a variable) using logical connectives; for open formulas ¢, 1 containing
just one free variable x, the formula ¢ ~ 1) is built using the quantifier ~ (read
p ~ 1 “pis associated with 7).

Given such a matrix U with columns named by predicates Py, ..., P,, the i-
th object satisfies the formula P;(z) iff u; ; = 1, i.e. the value in the i-th row and
j-th column is 1. For each data matrix U let a, b, ¢,d be the number of objects
satisfying &, p&—1, =p&p, mp&—1) respectively. The quadruple (a,b, ¢, d) is
commonly called the four-fold table of ¢, in U) and can be presented as follows:

Y
pla b
—plc d|s

kE 1l |m

(Here r = a+b, s =c+d, k =a+c¢, | =b+d are the marginal sums;
r+s=k+l=a+b+c+d=m.)

The semantics of ~ is given by a truth function t¢r. assigning to each
(a,b, c,d) the truth value tr-(a,b,c,d) € {0,1}. A quantifier ~ is associational
if

ay > ag, by <bg,cq < co,dy > do and tro(ag, b1, c1,dr) = 1 implies
tT‘N(CLQ,bQ,CQ,dg) =1.

It is implicational if
a1 > ag, by < by and tro(a1,b1,c1,d1) = 1 implies tr.(az, ba, ca,da) = 1.

(Thus each implicational quantifier is associational.) Some examples are pre-
sented in Sect. 3. The GUHA software works with particular associational /impli-
cational quantifiers making use of their theory. It generates formulas ¢ ~
true in the data.

Orlowska’s approach uses information systems to define binary relations on
U, particularly information relations of similarity and diversity, e.g.

! But note that this is equivalent to the assumption of having just one attribute a and
fa(u) C V; is the item set in the terminology of [I] - the set of attributes for which
u has the value 1.
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uRwv iff u, v have the same attributes,
uR'v iff u, v have no attribute in common.

For deep modal and algebraic aspects of this approach see [11]. Our question
now reads: does the GUHA approach lead to some interesting relations? Let us
offer three possibilities.

First, note that each information system, i.e. data matrix ({0, 1}-valued) can
be seen as a binary relation, subset of U x A, namely (u,a) € R iff f,(u) = 1.
Evidently, this relation uniquely extends to a relation on U x Form, where
Form is the set of all open formulas built from atoms P, (z), P2(z),. ... Each n-
tuple {¢1,...,¢n} of such open formulas determines the corresponding relation
on U X {®1,...,p,} — the truth table of 1,..., ¥, given by U. Note that this
representation is very near to that used in Agrawal’s kind of mining associational
rules [I] mentioned above. See also [14]2].

Second, assume a data matrix U and a quantifier ~ to be fixed; this defines a
binary relation HYP on Form, namely of all pairs ¢, 1 such that ¢ ~ 1 is true
in U. If ~ is associational then HYP represents all pairs (p, 1) of open formulas
(composed properties) such that ¢ is associated with ¢». GUHA generates subre-
lations of this relation given by syntactical conditions on ¢, (think e.g. on ¢ as
a combination of symptoms and ¢ a combination of diseases or s0). Let us stress
the importance of logical rules (deduction rules) for an optimal representation of
true hypotheses; for example if ~ is symmetric (¢ ~ ¢ logically implies 1) ~ ¢)
one can make use of it.

Third, let U and ~ be as before; instead of pairs of formulas let us think of
pairs of subsets of U definable by open formulas. We get a binary relation on
the Boolean algebra By of definable subsets of U; properties of the quantifier
~ (for example ~ being an implicational quantifier) determine properties of the
relation. In more details, for u,v € By let
a,w = card(u N o),

by = card(u N —v),
cuv = card(—u N o),
dyy = card(—u N —v).
Let tr- be the truth function of an implicational quantifier ~ and put

RU = {(u7 Il})|tr’\‘(au’07 b’LL’U7 cuzn d’U.’U) = 1}'
This leads us to the following

Definition 1. A Boolean algebra with an implicational relation (briefly, an i-
Boolean algebra) is a structure B = (B,A,V,—,R) where (B,\,V,—) is a
Boolean algebra and R C B X B is a relation such that for each uy,us,v1,v9 € B,
if up Avp <ug Avg,ur A —vp <ug A —vg and (ug,v1) € R then (ug,v2) € R.

Clearly, for each U and each implicational quantifier ~, the algebra of de-
finable subsets of U together with the relation HYP as above is an i-Boolean
algebra. This leads us to the following problem:

Is each (finite) i-Boolean algebra isomorphic to the algebra By given by a
data matriz U and an implicational quantifier ~ 2 This may be easy to decide; but
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it seems at least to show that our approach may offer some possibly interesting
purely algebraic problems. The methods of the next section seem to be useful
for solution of the present problem.

3 Complexity of GUHA-Implicational Quantifiers

Implicational quantiﬁersﬁ were defined in the preceding section; for full treatment
see [3]. Note that implicational quantifiers are usually denoted by the symbol
="* and by similar symbols. Just recall the following examples:

— classical implicational quantifier — ¢ = ¥ is (Va)(p(z) = ¥(x)), i.e. ¢ = ¥
is true iff b = 0;

— founded implication ¢ =, 5 ¢ is true iff @ > s and a > p(a + b) where s is a

positive natural number and 0 < p < 1,

lower critical implication: ¢ :>£7a ¥ is true iff

LIMPL,(a,b) = S92 (440 pi(1 — p)att=i < o

i=a %

For example, LIM PLg(240,3) = 2.76.1078.

Consider the language with unary predicates P;, Ps,... and a binary quan-
tifier =* (as well as object variables and logical connectives). Let z be an
object variable called the designated variable. A pure prenex formula has the
form ¢ =* 1, where  and 1 are quantifier-free open formulas containing no
variable except x (i.e. Boolean combinations of formulas Py(x), Py(z),...). It
is understood that =* binds the variable z; the pedantical writing would be
(=" x)(¢(x),¢¥(z)). The normal form theorem (see [5] 3.1.30) says that each
closed formula of our language is logically equivalent to a Boolean combina-
tion of pure prenex formulas. Note the the proof of this fact is constructive and
uniform: given a closed formula ¢ one finds a normal form NF(®) which is a
(possibly empty) disjunction of elementary conjunctions of pure prenex formulas
and is logically equivalent to @ for any semantics of the quantifier =* . It follows
that if you have only finitely many predicates (atributes) Py, ..., P, then there
is a finite set NF of normal form formulas such that for each @, NF(®) can be
taken from NF.

Call @ an implicational tautology (or a tautology with implicational quanti-
fiers) if @ is true in each data matrix U (of appropriate arity) for each implica-
tional quantifier =*.

& is implicationally satisfiable (briefly, i-satisfiable) if there is a data matrix
U (interpreting predicates occuring in @) and an implicational quantifier =*
such that @ is true in U w.r.t =*.

Ezamples of implicational tautologies (easy to verify):

(&) =7 x) = (¢ =" (x V),
(=" (P&ex)) = ((p&eyp) =7 X).
(Compute the corresponding four-fold tables.)

2 An alternative name is multitudinal quantifiers, cf. [4].



Relations in GUHA Style Data Mining 85

The normal form theorem gives a cheap decidability result: For each fixed n,
the set of all implicational tautologies containing no predicate except Py, ..., Py,
is decidable (since the set of the corresponding normal forms is finite, cf. [5]
Chapter III, Problem 9). We are going to show decidability and determine the
computational complexity of the set of implicational tautologies having arbitrary
many predicates. Since a formula is an implicational tautology iff its negation is
not i-satisfiable, everything is solved by the following

Theorem 1. The set all of implicationally satisfiable formulas in normal form
is NP-complete.

Proof. The reader is assumed to know basics notions and facts of polynomial
complexity theory as: a set X of formulas (or words in an alphabet) is in NP
(accepted by a non-deterministic Turing machine working in polynomial time);
X is NP-complete (is in NP and each Y in NP is reducible to X in polynomial
time); the set of satisfiable formulas of propositional logic is NP-complete and,
in more details, the function assigning to each propositional formula A and each
evaluation of its atoms by zeros and ones the corresponding truth value of A is
computable in polynomial time. See e.g. [3] for details.

Formulas in question result from propositional formulas A(p1,...,p,) and
pure prenex formulas @q,...P, (P; being p; =* ;) as A(Py,...,P,) (sub-
stituting @; for p; in A(p1,...pn)). We describe a non-deterministic algorithm
accepting exactly all implicationally satisfiable formulas; checking that it works
in polynomial time is routine. This will show that the set of all implicationally
satisfiable formulas are in NP; then we show NP-completeness.

Given A(p1,...,pn) and &q,... P, first guess an evaluation e assigning to
each p; a truth value e(p;) € {0,1} and check if e makes A(p1,...p,) true.
(If not, fail.) If it does, we want to find a data matrix (information structure)
U and an implicational quantifier =* such that U respects e for =*, i.e. for
i=1,...,n, ®; is true in U iff e(p;) = 1. If all this succeeds then A(Pq,...,P,)
is implicationally satisfiable and vice versa.

Call @; positive if e(p;) = 1, and negative if e(p;) = 0. Recall that @; is
p; =* ;. If U and =* are given then only the frequency of ¢;&; and of
pi&—1; (number of objects satisfying the respective formula) decide of @; is
true in U or not. Call all the formulas ¢;&;, wi&—1); (i = 1,...,n) critical
formulas. Their frequencies (in U) define a linear preorder <y on them: for any
critical y1,v2, we put 11 <y 72 if frequ(m) < frequ(v2). For an arbitrary
linear preorder < of the critical formulas, call < acceptable for e of the following
holds for any 1 < 4,j < n : whenever ¢; =* 1); is positive (with respect to e),
wi&; > oi&; and ;& < pi&p; then p; =* 1) is also positive. From
the definition of an implicational quantifier it follows immediately that the above
preorder <y is acceptable (for any U,=-*). Thus we continue as follows:

Having e, guess an acceptable linear preorder < of critical formulas and
ask whether there is an U such that < is <y (say then that < is realizable).
We show that this can be done in non-deterministic polynomial time. To do
this we use the result of [8] on the complexity of fuzzy probabilistic logic over
Lukasiewicz propositional calculus. (This calculus is also described in [].) For
each critical formula v, let P(y) be the formula saying “y is probable”. Let
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Y1,---,7%n be a sequence of all critical formulas non-decreasing with respect to
<. Let € be a new atomic formula. For each 1 < i < k, if 7; < 7y, let A; be the
formula (P(v;) ® P(e) = P(vi+1) (where @ is Lukasiewicz strong disjunction,
also denoted by V); if v; < ;41 and v;41 < 7y; then A; is P(y;) = P(vig1)- Let T
be the finite theory over FPL whose axioms are all the A; (i = 1,...k—1) and also
P(v;,) — P(—¢) where i is the largest index such that v;, < 5. (The singular
case that all v; are <-equivalent is left to the reader as an exercise.) Observe
that there is a probability on open formulas built from predicates occuring the
critical formulas and coherent with < iff the theory T has a model over FPL in
which P(e) has a non-extremal value, i.e. P(e) V =P(e) has not value 1. Using
the method of [8] and [4] one easily reduces this problem to a Mixed Integer
Programming problem, showing that the last problem is in NP.

Three things remain: First, to show that if such probability exists then we
may assume it has rational values on all open formulas from our predicates — this
is done as in [4] 8.4.16. Thus multiplying by the common denominator we may get
a finite model alias data matrix alias information system U such that frequencies
of objects satisfying critical formulas order them in accordance with <. Second,
let (a;, b;, ¢, d;) be four-fold tables of pairs (¢;,;) of formulas occuring in the
sentences ¢; =* 1;; define a quantifier =* by letting tr-«(a,b, ¢, d) = 1 iff for
some i, a > a;,b < b;,c < ¢; and d > d;. This is an implicational quantifier and
U respects e for this =*. This shows that our problem of satisfiability of @) is
in NP.

The last (third) thing is to show NP-hardness. To this end we reduce the
satisfiability problem of propositional logic (equivalently, satisfiability of open
formulas built from atom Pi(z),...,P,(z),...) to our problem. Let ¢ be as
before; for each open formula ¢ as above let ¢* be (¢ =* €) — (¢ =* ¢). Let
us show that ¢ is a Boolean tautology logic iff ¢* is an implicational tautology;
thus ¢ is satisfiable in Boolean logic iff =(—p)* is satisfiable in our logic with an
implicational quantifier.

Indeed, if ¢ is a Boolean tautology and (a, b, ¢, d) is a four-fold table of (g, )
given by an U; then b = d = 0; if in the same U the formula € =* ¢ is true for
an implicational quantifier =* then tr—.«(a,0,0,¢) = 1 (note that (a,0,0,c) is
the four-fold table of €, e in U) and hence also tr—«(a,0,¢,0) = 1. Then e =* ¢
is true and hence ¢* is true in our U. Conversely, if ¢ is not a Boolean tautology
then take an U in which all objects satisfy = and all satisfy ¢, thus e =* ¢ is
true and € =* ¢ is false for the classical implicational quantifier =* (y =* ¢
being (Vz)(y — 0)). This completes the proof.

Corollary 1. The set of all implicational tautologies is co-NP-complete.

Remark 1. The same idea can be used to show that the problem of associational
satisfiability (more precisely, the problem of showing that a formula @ of the
language with one binary quantifier ~ in normal form, is satisfiable in a U by an
associational quantifier) is in NP. The reader may try to show NP-completeness
(possibly easy).
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Conclusion. We hope to have shown that the logic of observational calculi as
calculi speaking on data (alias information systems) is interesting and relevant
for the study of relational structures and have contributed to the study of its
computational complexity.
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Abstract. Groups are one of the most fundamental notions in mathe-
matics. This paper provides a foundation of group theory in allegories.
Almost all results in the paper can be applied to theory of fuzzy groups.

1 Introduction

The motivation of the paper arose from the following three fundamental exercises
in group theory:

(a) Let G = (G, ") be a semigroup, that is, a binary operation - : G x G — G is
associative. Show that if Vo € G : ze = x and Vo € Gy € G : xy = e for
some element e € G, then Ve € G:ex =x and Vx € Gy € G : yzr = e.

(b) Let H be a subgroup of a group G = (G, -, e,-~1). Prove that the (binary)
relation = = y on G, defined by 2~ 'y € H, is an equivalence relation.

(¢) Show that the set of all normal subgroups of a group G forms a modular
lattice. In other words, the following modular law holds for three normal
subgroups S, T and U of G:

SCU = STNnUCSTnNU).

To define group objects in categories [9] is not new, but it is difficult to
directly treat algebraic relations, such as residual relations (b) induced by
subgroups, in the ordinary category theory. Allegories [4], as a kind of relation
categories, give a natural and suitable setting for manipulating algebraic binary
relations in group theory, lattice theory [§] and so on. This paper provides a
foundation of group theory in allegories, and solves the above three questions

(a), (b) and (c).

The paper is organised as follows: In section 2 we recall the definition of
allegories [4] and remark some fundamentals on relational products in allegories.
In section 3 we review a simple sharpness property [5JI0J6] on relational products
of relations, which was initiated by Schmidt and will play an important réle in the
proof of the main results. In section 4 we explore some fundamental properties
of relational binary operations and show a suitable formalisation (Theorem [2])
of the associative law, as well as the commutative law, using with relational
global elements. The inverse law and the absorption laws (in lattice theory) are
of course not the case. In section 5 we mention unitary and inverse operations for
binary operations in allegories. We also give a relational version (Theorem M) for

H. de Swart (Ed.): RelMiCS 2001, LNCS 2561, pp. 88-[I03] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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the first question (a). In section 6 we define notions of (functional) groups and
subgroups, and prove an elementary fact (b) that the residual relation induced
by a subgroup is an equivalence relation. In section 7 we describe a notion of
normal subgroups in allegories, and answer the final question (c) that the set of
all normal subgroups of a group forms a modular lattice.

2 Allegories

In this section we recall the fundamentals on relation categories, called allegories

M.

Throughout this paper, a morphism « from an object X into an object Y
in an allegory (which will be defined below) will be denoted by a half arrow
a : X — Y, and the composite of a morphism a : X — Y followed by a
morphism 3 : Y — Z will be written as a3 : X — Z. Also we will denote the
identity morphism on X as idx.

Definition 1. An allegory A is a category satisfying the following:

D1. [Meet Semi-Lattice] For all pairs of objects X and Y the hom-set A(X,Y)
consisting of all morphisms of X into Y is a meet semi-lattice with the greatest
morphism V xy. Its semi-lattice structure will be denoted by

A(X,Y) = (A(X,Y),C, 1, Vxy).

D2. [Converse] There is given a converse operation * : A(X,Y) — A(Y, X). That
is, for all morphisms a,a’ : X — Y, 8:Y — Z, the following converse laws
hold:

(a) (aB)f = Biat, (b) (af)f = a, (¢) If o T o, then of T o'*.

D3. [Dedekind Formula] For all morphisms a: X — Y, 3:Y — Zandy: X —
Z the Dedekind formula o3 M~y C «(3 M afy) holds.

D4. [Sub-Distributivity] The composition preserves order: If « C o/ and 8 C 3/,
then a8 C o/f'. O

The fundamental properties of relational categories is referred to [LH4ITTIT].
The following is a basic property of allegories.

Proposition 1. Let a: X — Y and v : Y — X be morphisms in an allegory
A. If ay =idx and ya = idy, then a = ~*. O

A wunit I in an allegory A is an object such that id; = V7. A morphism
a: X — Y is total if idx C aat (or equivalently, aVy x = Vxx). A morphism
f: X — Y such that f*f C idy (univalent) is called a function and may be
introduced as f : X — Y. In what follows the word relation is used as synonym
for morphisms in allegories.

Definition 2. A pair (A, B) of objects in an allegory A has a relational product
if there exists a pair (p : T — A,q : T — B) of total functions such that
plq =V ap and ppfMqq* = idy. The pair (p: T — A,q: T — B) is called a pair
of projections for (A4, B). An allegory A has a relational product if every pair of
objects in A has a relational product. O
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Let (p: T — A,q: T — B) be a pair of projections for a pair (A, B) of
objects. For each pair of relations a : X — A and 8 : X — B, we define a
relation aTB: X — T by aT3 = ap' M Bq¢t. Tt is trivial that pTq = idy.

A T B

The following proposition is a list of elementary properties of relational prod-
ucts in allegories. The proof is trivial and so omitted.

Proposition 2. Let (p: T — A,q: T — B) be a pair of projections for (A, B)
and let o, : X — A, 3,8/ : X —-B,v:Y —A,6:Y —Band&:7Z — X be
relations.

Z—ng
/ Y

Then the following statements hold:

(a) IfaC o and BE G, thenaTEC ' TH,

(b) &(aTpB) E &aTEp,

(c) £(aTVxyd) =E&aTVzyd,

(d) &(VxyyTB) = VzyyTEB,

(e) If € : Z — X is a function, then {(aTpB) = EaTES.

(f) If « and B are total functions, then T is a unique total function such that
(aTB)p = and (aTB)q =3,

() (ana)TB=(aTH) N (TH) and aT(BMF) = (aTB)MN(aTH). O

As in ordinary category theory, the common domain 7' of projections
p:T — Aand q : T — B is uniquely determined up to isomorphism by the
virtue of the last Proposition [X(f). This enables us to write the object T as
A x B and the pair of projections for (A, B) as (p, q), if it exists.

Let (p,q) be a pair of projections for (A, A). The twisting function
t: Ax A — Ax Ais defined by t = qTp (= gp*Mpg?). That is, ¢ is a unique total
function such that tp = g and tqg = p. Then tt = t(¢qTp) =tqTip =pTq=1idaxa.
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In addition we assume that (pi1,q1) and (ps2, ) are pairs of projections for
(Ax A, A) and (A, A x A), respectively.

A I AxA P A

(AXA)XAT>A><(A><A)

qll qu

A~ AxA——> A

The associative function a : (A x A) x A — A x (A x A) is defined by

a=pipT(prgTqr).

That is, a is a unique total function such that aps = pi1p, agep = p1g and
agz2q = q1. Another associative function b: A x (Ax A) — (A x A) x A is defined
by

b= (p2Tq2p) T q2q.

That is, b is a unique total function such that bpip = po, bp1g = ¢op and
bq1 = qo2q. It is trivial that a and b are mutually inverses, that is, ab = id(4x4)x 4
and ba = id 4 (4x ), and consequently b = a! by Proposition [Il It is easy to see
that a pair of total functions p, = p1p and ¢5 = p1gTq1 is a pair of projections
for (A, A x A). This fact indicates that if a relational product for (A x A, A)
exists iff a relational product for (A, A x A) exists. Obviously a = b = id(ax 4)xa
when py = p and ga = g5.

The following proposition can be readily seen by a simple computation:

Proposition 3. Let o, 3,7 : X — A be relations. Then the following identities
hold:

(a) {(@TB)Tvy}ta=aT(BTy),
(b) {aT(BTY)}b= (aTB)Ty. O

Let (p,q) and (py, go) be pairs of relational products for (4, B) and (X,Y),
respectively. For each pair of relations £ : A — X and n: B — Y we define a

relationfxn:AxBﬁXbey{Xn:p{an:pﬁpﬁol_lqnqg.

A< AxB-L B

|

X<~=——XXxY——Y
Po g0

EXn L’i

If f: A— X and g : B — Y are total functions, then f x g is a unique
function such that (f x g)po = pf and (f X g)go = qg. Remark that an equality
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(f xg)(f' x¢') = ff x gg always holds for all total functions f, f', g and ¢’'.
Schmidt (Cf. [TOI6]) initially suggested that the so-called sharpness property

(Exn)& xn')=¢&" xm

does not hold for relations &, &', 7 and i’ in general. In the rest of the section we
review a simple sharpness property [5] needed in the later disscusion.

Theorem 1 (Sharpness).
(a) If two conditions (1) a*B M~ C pir and (2) aafB T 3 hold, then
an* M1 B6% C (ap? 1 874 (pyF M 7o%).

(b) Ifp:T — A and q : T — B is a pair of total functions with p*q = V sp, and
if there exists a relation n : T — X such that nfn C idx and n'p = Vxa,
then

ay! 11 B6% = (ap® 1 B") (py* M ¢6%).

X X
ONC N
n
A~——T ——RB A=<=——T ——RB

N

Proof. (a) It is direct from the following computation.

ay! M B6F C oy MatBet) { Dedekind Formula }
= a{y N (v} M atp)et} { DF }
C a{y* M (pf7 M afB)o} {()}
C afy* 1 (p* M a*prh)rét} { DF }
C a(pf na?pri){(pn rffa)yt N rof} { DF }
C (apf MaatBrH) (pyf M 76%) { Sub-distributive }
C (apf N8 (py* M 7o%). {@}

(b) An inclusion (ap® M Bq*)(py* Mgd?) T any? M B6t is trivial from the univalency
pPp C idp and ¢fq C idy. To see the converse inclusion, we set p = pp?, 7 = ¢,
& = apfnnf and 4 = ypf. We verify that p, 7, &, 3, 4 and 6 satisfy two conditions
(1) and (2) of (a): (1) 6*3M4%5 C Vrp C pVap = pp*q = p*r by the totality of
p and pfqg = Vap. (2) &&*3 C n*nB C B by the univalency nfn C idy . Therefore
we have

ay 11 30% E (Tl B6%y)1* 11 86*  { DF }
C (oM np)y* N B {Vxa=n'p}
C (ap* M)py* 1 Bé*  { DF }
= a4t n pot
C (ap* M B7%) (py* Nré?) {(a)}
C (ap® M B¢*) (py* M qd*). { pp Cidr }
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Corollary 1. Let (p,q) and (po,qo) be pairs of projections for (A, B) and (Y, Z),
respectively.

(a) If X orY is identical with one of three objects A, B and I, then
ay* M B3* = (aTR)(yTH)F.
(b) If X orY x Z is identical with one of three objects A, B and I, then

agTpn = (aTB)(E x n).

Proof. It is a direct corollary of Theorem [I(b). O

3 Binary Operations

In this section we will study fundamental properties of binary operations in
allegories.

Throughout of the rest of the paper we assume that G is an object in an
allegory A and A has at least two pairs (p, ¢) and (p1, ¢1) of projections for (G, G)
and (G x G, G), respectively. Under this condition a pair (pe, g2) of projections
for (G, G x G) exists, as stated in the section 2. Also we assume that all relations
are in A unless othewise stated.

Definition 3. A binary operation on G is a relation u: G X G — G. O

Let 1 : G x G — G be a binary operation. Then we define a« ® 8 = (aT8)u
for a pair of relations «, 5 : X — G. Remark that p ©® ¢ = pu.

Lemma 1. Assume p: G x G — G is a binary operation on G. Let o, o', 3,3 :
X—G,v6:Y—=Gand§:Z — X be relations in A.

VA X
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Then the following hold:

IfaCo and BE S, thena®BC o © 4,

fla®p) ELa®Ep,

£(a® Vxyd) =6a® Vzyd,

E(Vxyy©B) =Vzyy© &6,

If€: 7 — X is a function, then £(a® B8) = Ea ® €8,
(aMad)OBE(aeB)N(dep) anda® (BMNF)E (@ B)M(ac ),

Proof. It is just a corollary of Proposition 2 O
The next proposition is a simple result from the sharpness Corollary [, but
it will play an important role in the proof of Theorems [l and [Al.

Proposition 4. Assume that a binary operation p : G X G — G is total. If
X =G or X =1, then an* N B6* C (a ® B)(y ® 6)* holds.

Proof. It is immediate from Corollary [] (sharpness):

ayt 186t = (aTH)(v T { Corollary M(a) }
(@TB)upt(vT6)* { idaxa T pup* (- total) }

(a®B)(y© ).

i

O

Definition 4. A (relational) semigroup G = (G, i) in A is a pair of an object
G in A and a binary operation u : G x G — G, satisfying the associative law
(pxidg)p = a(idg X p)p, where a : (GxG) x G — G x (G x G) is the associative
function. O

The associative law is an indispensable property on binary operations to
simplify iterations of operations. There are often difficulties when one manipu-
lates the associative law in terms of morphisms. So it is convenient to use the
traditional form of the associative law

(- y)-z=2-(y2)

The following theorem guarantees that the associative law in terms of mor-
phisms and the traditional form of the associative law using global elements are
equivalent.

Theorem 2. A binary operation p : G x G — G satisfies the associative law
(uxidg)p = a(idg x p)p if and only if («®B) Oy = a®(BO) for all relations
a,fB,v: X — G.

pxida

(GxG)xG G xG
l ;
G x (G xG) GxG G

idg X p 1%



Proof. (=)

(<)

(uxidg)p =
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={(aTB)uTy}u

= {(aTB) Ty} xidg)u { Corollary [di(b) (sharpness) }

= {(aTB)Ty}ta(idg x pu)p { associative law }

= {aT(BTy)}idg x p)p { Proposition B(a) }

={aT(BTy)utn { Corollary [1(b) (sharpness) }

=a0 (oY)

(P1uTqr)p {uxidg=pipTq }
=p(pOYOq {u=poq}

=(Pr©pig) ©¢1  { Lemma[e) }

=pp© (P19 © q1) { (associative law) }

apz © (ag2p © aqzq) { ap2 = p1p, agep = p1q, aq2q = q1 }
= a(p2Tqp)p { Lemma(e), p=p®q }

= a(ide x p)p {ide x p=p2Tqap }

]

Remark. It is trivial that a binary operation p : G x G — G satisfies the
commutative law tu = p (where t : G x G — G x G is the twisting func-
tion defined by t = ¢Tp) if and only if a® = SO« for all relations o, 5 : X — G.

4 Unitary and Inverse Operations

A total function x : I — X is called an I-point of an object X. A relation
p: I — X is nonempty if there is some I-point x : I — X such that x C p.

In this section we assume G = (G, ) is a semigroup in A.

Proposition 5. Let g,&' : I — G be relations. Then

(a)
(b)
()
(d)

Proof. (a) (=)

idg ® Vgre =idg iff « © Vxre = « for all relations o : X — G.
Vare ®@idg = idg iff Vxie © a = a for all relations o : X — G,
Ifidg ® Vgre = idg and Vgre' ©®idg = idg, then e = ¢’.

Ifidg ® Vgre =idg or Vagre ® idg = idg, then pf is total.

o = aidg
= a(idg ® Vgre) { idg ©® Vgre =idg }
=aidg ® Vxre { Lemmall(c) }
=a® Vxye
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(<) Set a = idg. Then idg ® Vgre = idg simply follows from o = a ® Vxje.
(b) Tt is similar to (a).
(c)
g = E’@V}[{i{ (a) 1idg ® Vgre = idg }
:€/®€ {V]]:id]}
= V[[EI@E { idr =Vir }

=€ { (b) :Veare' ®idg = idg }
(d) Assume idg ® Vgre = idg. Then Vg = Vae(ideTVare)p C Vaaxals
and so Vaaxait = Vg, which is equivalent to idg T pf . Il

A relation € : I — G is called a unitary operation for p if it satisfies two
conditions idg ® Vgre = idg and Vgre ®idg = idg. As in the ordinary group
theory a unitary operation for a binary operation is unique by Proposition Elc).

Corollary 2. Lete: I — G a unitary operation for u, and let o, 3,7 : X — G
be relations. If a © B = (3 ® v = Vxye, then a = ~.
Proof.
a=a®Vxre {PropositionBla) : idg =idg ® Vgre }

=a0Boy){foy=Vxie}

= (e ® f) ® v { (associative) }

=Vxie®y {a®p=Vxre}

= 7. { Proposition B(b) : idg = Vgre ®idg }

O

The following states that a nonempty unitary operation for a total binary
operation is an I-point.

Theorem 3. Let ¢ : I — G be a unitary operation for p. If u is total and € is
nonempty, then € is an I-point.

Proof. As ¢ is nonempty there is an I-point e : I — G such that e C . Then
idg ® Vgre = (idgTVgre)u is total (since p is total by the assumtion) and
idg ® Vgre C idg ® Vgre = idg. Hence idg ® Vgre = idg (remarking that
idg ® Vgre is total and idg is a function), and so € = e by Proposition[H(c). O

Remark. Every total relation € : I — G is nonempty under the relational
axiom of choice: For all relations o : A — B there exists a function f: A - B
such that f C o and fVga =aVpga. [l

The notion of inverse operations of course depends on unitary operations.
Here we only mention a few general properties on inverse-like relations.

Corollary 3. Let € : I — G be a unitary operation for p. If two relations
1, G — G satisfy idg © 1 =1 ©®idg = Vgye, then 1 =1/,

Proof. It directly follows from Corollary [2 (]

Recall a fundamental excercise in the ordinary group theory: If
Vr € G: xe =2 and Vz € Gy € G : xy = e for some element e € G,
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e. (Answer. Assume zy = e

then Ve € G:ex =x and Vo € Gy € G : yx =
= (y(zy))z = (ye)z = yz = e and

and yz = e. Then yz = (yx)e = (yz)(yz)
er = (zy)x = z(yx) = ze = x.)

The above fact reflects the following theorem on our framework:
Theorem 4. Lete: I — G and 1 : G — G be relations satisfying idg © Vgre =
idg and idg ® ¢t = Vgre. Then the following four conditions are equivalent:

(a) ¢ is a total function,

(b) 29, V= VGIZ‘:;

(c) Vare ® 2 =idg and Vgre ©idg = idg,
(d) L2 = ide.

Proof. (a)=(b)

t®1? = 1(idg ® ) { Lemmal[(e) ¢ : function }
=1Vgre {id¢ @t =Vgre }
=Vgre. {v:total }

(b)=(c) (i)

Vere®? = (idg ©1) ®? {idg ® 1t = Vgre }
=idg ® (1 ® ¢?) { (associative) }
=idg ®Vgre {(b)}
=idgq, { idg ® Vgre = idg }

LOidg =10 (Vare @) { (i) }
= (1t ® Vgre) ® 12 { (associative) }
=102 {idg ®Vgre =idg }
= Vare, {(b}
(iii)
Vare ®idg = (id(; ® L) ®idg { idg ®t = Vgjre }
=idg © (¢ @ idg) { (associative) }
=idg ® Vgre { (ii) }

=idg. {idg ®Vgrie =idg }
(¢)=(d)
12 =12(Vgre ®idg) { (c)
=Vgre ®1? { Lemma [dd) }
= idg. { ()}
(d)=(a) It is trivial by Proposition [0 O

Remark. Supposed the relational axiom of choice. If idg ® Vgre = idg and
idg®t=Vgre,andif p : G xG—Gand1:G— Garetotalande : [ — G
is a function, then ¢ is a (unique) total function. (By the relational axiom of
choice there exists a total function 7 : G — G such that ¢ C +. Then idg ® 7 C
idg ®t = Vgre and so idg ® 7 = Vgre, since idg ® 7 is total and Vgre is a
function. Hence, by the virtue of the last Theorem[ ], 7 is a right and left inverse,
and finally we have ¢ = i by Corollary [3.)
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5 Groups

In this section we define the notion of subgroups and residual relations induced
by subgroups, and show a fundamental fact that the residual relations are equiv-
alence relations in allegories. However we limit all the operations of group struc-
tures to be total functions for the sake of simplicity.

Definition 5. A group G = (G, m,e,i) in A is a quartet of an object G and
three total functions m: G x G — G, e: I — G and i : G — G satisfying the
following conditions:

(Associative Law) (m x idg)m = a(idg x m)m,

(Right Unitary) (idgTVgre)m =idg,

(Right Inverse) (idgTi)m = Vgre.

O

The following proposition is trivial from the arguments in the previous sec-
tions:

Proposition 6. Let G = (G,m,e,i) be a group in A and o, 5,7 : X — G
relations. Then the following identities hold:

(a) («Op)Oy=a6(BOv) (associative),
) a®Vxre=Vxre®@a=a (unitary),
) idg ®i=1®idg = Vgre, (inverse),
) 2 =idg,
)ei=cande@e=ce¢,
) mi = qi ® pi.
Proof. The statement (a) has already been seen in Theorem 2] The statements
(b), (c) and (d) follow from Proposition Bland Theorem [4.
(e) An identity e ©® e = e is trivial by (b) and it is easily seen that ei = ei ©® e =
e(i®idg) = eVgre =e.
(f) Tt follows from Corollary [2, since we have mi @ m = (¢i ©® pi) ©m = Vgxare
as follows:
mi ®m =m(i ®idg) { Lemma[Ile) }
=mVgje {i@idGZVGI }
=Veaxagre { m:total }

and
mo (g opi)=pPoq©(@op) {m=pog}
={po(qoq)}©pi { (associative) }
={p©q(idg ®i)} ® pi { Lemma[(e) }
= (p©®qVare) © pi
=(pOVaxare) ©pi  { q:total }

=pOpt

=p(idg ©1) { LemmalIl(e) }
=pVare

= Vaxare. { p:total }

Note that gi © pi = t(i X i)m, where t = qTp: G X G = G X G is the twisting
function. 0
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In what follows we assume G = (G, m,e,i) is a group in A. In relational
calculus there are a few different ways how to specify subobjects. For example,
Schmidt and Strohlein [11] made use of “vectors”, to represent subobjects in
relation algebras. We are going to use relations from a unit I into some object
G; these do in fact satisfy the vector equation Virp = p.

Definition 6. A nonempty relation p : I — G is a subgroup of G if pi C p and
pOpLp. O

Note that every subgroup p : I — G contains the unitary operation e :
I — @G, that is, e C p. Assume = C p for some I-point = : I — G. Then
e=aVgre=z(i®idg) =zi©x C piOp E pOp C p. Thus arelation p: [ — G
is a subgroup of G iff e C p, pi = p and p ® p = p. The unitary operation e and
the universal relation Vg are trivial subgroups of G.

Proposition 7. If p,p’ : I — G are two subgroups of G, then so is pMp'.

Proof. It is trivial. O

Now let us go back to an exercise (that is, the second question (b) in the
introduction) in classical group theory: Let S be a subgroup of a group G.
Prove that the right residual relation z = y on G, defined by 27!y € S, is an
equivalence relation. (Answer. The reflexive law: 71z = e € S, the symmetric
law: If 271y € S, then y =z = (z71y)~! € S, and the transitive law: If 271y € S
and y~1z € S, then 712z = (27 y)(y~12) € S.)

The following theorem is a generalization of this fundamental fact.

Theorem 5. Ifp: I — G is a subgroup, then 0 = idg © Vgrp is an equivalence
relation on G.

Proof. Reflexivity idg C € is direct from idg = idg ® Vgre Cidg ® Vgrp = 6.
Next we can show transitivity 60 C 6 by the following computation:

00 = 0(idg ® Varp)
=00OVarp { Lemma[(c) }
= (idg ® Vgrp) © Varp
=idg © (Varp © Varp) { (associative) }
idg ® Var(p © p) { Vg7 : total function, Lemma[dl(e) }
idg ® Varp {popCp}
0.

[
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Finally we will see symmetry 6% C 6. The proof is somewhat complicated as
follows:

0 = (p* N Vearpg)m
= {p* NVearp(¢* Np*Vigxa)tm { pg* = p(¢* M p*V1gxg) : DF }
= {p* M Vearp(¢* Nip*Viexa)m {pi=p i*=i}
C {p* N Varp(ideg ®i)(q ® Vaxarp)tym { Proposition @ }
= {p*NVearpVeare(a® Vaxarp)tm  {idg ®i=Vgre }

= {p* M Verelq ® Vaxaip)tm { pVgr =id; }

C (ide © Vare){p © (¢ © Vaxarp)}m  { Proposition @ }
={(p®q) © Vaxaip}m {idg ®Vgre=id¢g }
= (m © Vaxarp)m {pOg=m}

= {m(idg ® Varp)}m { Lemma[lc) }

= 0'mim

C 6% { m : function }

6 Normal Subgroups

In the final section we define normal subgroups of groups in allegories and show
the main result that normal subgroups of a group form a modular lattice.

In classical group theory a subgroup of a group is normal iff the right and
the left residual relations coincide. We adopt this property to define normal
subgroups in our framework:

Definition 7. A subgroup p : I — G of G is called normal if idg ® Vgrp =
Vearp @idg. O

It is trivial that a subgroup p: I — G is normal iff « © Vx;p = Vxip© «

for all relations o : X — G.

The following is also an analogy from the classical case:
Proposition 8. If p,o : I — G are normal subgroups of G, then so is p ® o.
Proof. It is easy to see that p®o is a subgroup of G. We only show the normality:

idg ®©Var(p© o) =idg © (Varp © Varo) { Lemma [@{e) }
= (idg ® Vgrp) © Varo
= (Vgrp ®idg) ® Vgro { p : normal }
=Varp© (idg © Varo)
=Veaip©® (Vgro ©idg) { o : normal }
= (Varp® Vgro) ©idg
=Vear(p©o) ©idg. { Lemma [(e) }

O
Let p,o : I — G be normal subgroups of G. Then it is obvious that the

normal subgroup p® ¢ is the supremum (or, join) of p and o with respect to the
relational inclusion C of normal subgroups.
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Definition 8. Let m : X x X — X be a binary operation on X. A relation
0 : X — X is a congruence with respect to m if it is an equivalence relation such
that (6 x 8)m C mé. O

Proposition 9. If p: I — G is a normal subgroup of G, then 8 =idg ©® Vgrp
s a congruence with respect to m.

Proof.

(0 x 0)m = (pfTqgd)m
=pd ©qb
= p(ide © Verp) © q(ide © Varp)
= (p©® Vaxarp) © (¢© Vaxagrp) { Lemmal[lle) }
=p0O (Vaxarip®q) ©Vexarp  { (associative) }
=p® (@O Veaxarp) ©Vaxarp  { p:normal }
=(pOq) ®(Vaxaip © Vaxaip) { (associative) }

=m O Vaxar(p©p) {m=p®q, Lemmall(e) }
=mO VexgIp { p : subgroup }
=m(idg ® Vgrp) { Lemmal[(c) }
=mb
(I

In the ordinary group theory it is well-known that the set of all normal
subgroups of a group forms a modular lattice. In other words, for three normal
subgroups S,T and U of a group G the following modular law holds:

SCU = STNUCS(TNU).

The proof of the fact is fundamental: Assume S C U and x € ST NU. Then
xe€Uandz e ST,sox=stforsomesecSandteT. Hence t = s~z € U
holds since x € U and s € S C U and U is a subgroup. That is, x = st with
s€SandteTNU. Hence z € S(TNU).

To see the above fact in allegories we need the next lemma:
Lemma 2. If 7 : I — G is a subgroup of G, then p* MTmt C 7¢*.
Proof. First recall that 7 = 7i. Applying Proposition H]

we have
pf Mrmb = rifpt Mrmb {r=m7i"}
C (7 ® 7)(pi ®m)* { Proposition A }
C 7(pi ©® m)t. {ro7CT}
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On the other hand we can see the identity pi ® m = ¢ from

piom=pi©(poq {m=poq}
=(pi©p)©q { (associative) }
=p(i ®idg) © q { Lemmal[l(e) }
=pVgre®q {i®idg=Vgre}
=Vaxagre®q { p:total }
=gq. { Proposition [B(b) }

O
Finally we prove a main result that the set of all normal subgroups in alle-

gories forms a modular lattice, as in the classical case:

Theorem 6. Let p,o,7 : I — G be normal subgroups of a group G. If p C T,
then (p©o)MTE p©® (aMT).

Proof. It follows from the simple computation:

(poo)NT=(pp*Nag")mn
C (pp' Mogt Mrm*)m {DF }
={pp' Nog" N (rp* Nrm*)}m { pE 7}
C (pp* Mot N7gh)m { Lemma BI: 7p* M rmf C 7¢* }
= {pp* M (e M 7)g*}m
=pO(cnT).

7 Conclusion

Group theory is an important field of mathematics with applications in many
other science. In this paper the author has tried to demonstrate some funda-
mental exercises of group theory entirely at the point-free relation-algebraic
level. The paper identifies allegories with a unit and relational products as the
appropriate relational setting for this aim and presents purely calculational
proofs for group theoretic theorems that cannot be easily be shown in the ordi-
nary category-theoretical approach to group theory. Of course, since allegories
are sufficiently abstract idea for the relational methods, all the results in the
paper can be applicable to theory of fuzzy or L-fuzzy groups, for example.

It is interesting to contrast these proofs with graphical approach to relational
reasoning due to Curtis and Lowe [2] and Dougherty and Gutierrez [3]. We just
remark that by using the graphical rewriting laws 1, 3, 5, 6, 7 and 9 in [2] one
can easily prove that ay# M B6* C p*r implies ay! M B6F C (ap? M B78) (pyf Mro%).
But, as stated in the section 2, Maddux [L0] gave a counterexample for the
sharpness problem in finitely generated relation algebras. Also the law 2 and
10 seems to show the uniformity condition VxyVyz = Vxz for all objects
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X,Y, Z. These examples indicate that the graphical calculus is based on theory
of (homogeneous) binary relations on sets, and the laws of graphical calculus
form a stronger setting than those of relation algebras, allegories and Dedekind
categories in some sense.

Finally the author would like to thank the anonymous referee for his valuable

comments and suggestions to the paper.
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Abstract. The theory of distributed conceptual structures, as outlined
in this paper, is concerned with the distribution and conception of knowl-
edge. It rests upon two related theories, Information Flow and Formal
Concept Analysis, which it seeks to unify. Information Flow (IF) [2] is
concerned with the distribution of knowledge. The foundations of In-
formation Flow are explicitly based upon the Chu Construction in *-
autonomous categories [I] and implicitly based upon the mathematics
of closed categories [6]. Formal Concept Analysis (FCA) [3] is concerned
with the conception and analysis of knowledge. In this paper, we connect
these two studies by categorizing the basic theorem of Formal Concept
Analysis, thus extending it to the distributed realm of Information Flow.
The main result is the representation of the basic theorem as a cate-
gorical equivalence at three different levels of functional and relational
constructs. This representation accomplishes a rapprochement between
Information Flow and Formal Concept Analysis.

1 Introduction

Figure 1 illustrates distributed conceptual knowledge as a two-dimensional struc-
ture. The first dimension is along the distribution/conception distinction. Infor-
mation Flow exists on the distributional side, whereas Formal Concept Analysis
extends this toward the conceptual direction. The second dimension is along
a functional/relational distinction. All of the development of Information Flow
has taken place on the functional level, but some of Formal Concept Analysis

1 relational
distributional /\
k/ conceptual
functional v

Fig. 1. Two Dimensions of Distributed Conceptual Structures

H. de Swart (Ed.): RelMiCS 2001, LNCS 2561, pp. 104-[I23] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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extends this into the relational direction, which still might be considered terra
imcognita.

To a large extent the foundation of distributed conceptual structures is based
upon binary relations (or matrices) and centered upon the axiom of adjointness
between composition and residuation. This composition/residuation adjointness
axiom is similar to the axiom of adjointness between conjunction and implication.
Since composition and residuation are binary, the axiom has two statements: (1)
Left composition is (left) adjoint to left residuation: ros C ¢ iff s C r\¢, for any
compatible binary relations r, s and t. (2) Right composition is (left) adjoint
to right residuation: ros C t iff r C t/s, for any compatible binary relations
r, s and t. Some derived properties are that residuation preserves composition:
(riorg) \ t = r2\(r1\t) and t/(s1082) = (t/s2)/s1 and that residuation preserves
identity: Id\t =t and t/Idp = t. The involutions of transpose and negation are
of secondary importance. The axiom for transpose states that transpose dualizes
residuation: (r\t)>* = ¢>/r>< and (t/s)™ = s<\¢>.

There are two important associative laws — one unconstrained the other con-
strained. There is an unconstrained associative law: (r\t)/s = r\(t/s), for all
t C AxB,r C AxC and s C DxB. There is also an associative law constrained
by closure: if ¢t is an endorelation and r and s are closed with respect to t,
r=1t/(r\t) and s = (t/s)\t, then (t/s)\r = s/(r\t), for all t C AxA, r C AxB
and s C C'x A. Functions have a special behavior with respect to derivation. If
function f and relation r are composable, then f*\r = for. If relation s and
the opposite of function g are composable, then s/g = sog™.

The paper consists of five sections: Introduction, Basic Notions, Architecture,
Limit/Colimit Constructions, and Summary and Future Work. The section on
Basic Notions is a review of some of the basic ideas of Information Flow and
Formal Concept Analysis (classifications, concept lattices, and functional info-
morphisms), and an introduction of some new ideas (relational infomorphisms,
bonds, and bonding pairs). The section on Architecture, the central section of the
paper, is principally concerned with the three categorical equivalences between
the distributional pole and the conceptual pole that represent the fundamental
theorem of Formal Concept Analysis. The section on Limit/Colimit Construc-
tions, the closest to applications, gives an enhanced fibrational description of
the architecture, thereby situating various basic constructions. The final section
gives a summary and points out future plans to apply the logic of distributed
conceptual structures to actual distributed representational frameworks on the
Internet.

2 Basic Notions

There are six basic notions in distributed conceptual structures: classifications,
concept lattices, functional infomorphisms, relational infomorphisms, bonds, and
bonding pairs. The first two are object-like structures, with classifications being
the central object-like notion of Information Flow, and concept lattices being
the central object-like notion of Formal Concept Analysis. The last four are
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morphism-like, with functional infomorphisms being the central morphism no-
tion of Information Flow, relational infomorphisms being newly defined in this
paper, bonds being used as an analytic tool in Formal Concept Analysis, and
bonding pairs being equivalent (in a categorical sense) to complete homomor-
phisms, the central morphism notion in FCA.

2.1 Objects

Classifications. According to the theory of Information Flow [2], informa-
tion presupposes a system of classification. Classifications have been important
in library science for the last 2,000 years. Major classification systems in li-
brary science include the Dewey Decimal System (DDS) and the Library of
Congress (LC). However, the library science classification system most in ac-
cord with the philosophy and techniques of IF is the Colon classification system
invented by the library scientist Ranganathan. A domain-neutral notion of clas-
sification is given by the following abstract mathematical definition. A classifi-
cation A = (inst(A),typ(A),[=4) consists of (1) a set, inst(A), of things to be
classified, called the instances of A, (2) a set, typ(A), of things used to classify
the instances, called the types of A, (3) and a binary classification relation, =4,
between inst(A) and typ(A). The notation a =4 « is read “instance a is of type
a in inst(A)”. A classification has an alternate expression in either a suitable
extension of the theory of closed categories [6] or *-autonomous categories [1]: a
classification is a triple A = (inst(A),typ(A), Ea), where inst(A) and typ(A)
are sets and |=4: typ(A)xinst(A) — 2 is a function, representing a 2-valuated
matrix. Classifications are known as formal contexts in Formal Concept Analysis
Bl. In FCA, types are called formal attributes and instances are called formal
objects.

Define the following pair of derivation operators: A4 = {a € typ(A) | a |=a
a forall a € A} for any instance subset B C inst(A), and I'* = {a €
inst(A) | a Fa «a forall a € I'} for any type subset I' C typ(A). When
A:inst(A) — 1and I' : typ(A) < 1 are regarded as relations, derivation is seen
to be residuation, A4 = A\ A and I'* = A/, where the classification relation
is represented as A. An extent of A is a subset of instances of the form I'4, and
an intent of A is a subset of types of the form A4. For any instance a € inst(A),
the intent or type set of a is the set typ(a) = a? = {a € typ(A) | a =4 a}.
Intent induces a preorder on the instances inst(A) defined by: a <4 o’ when
ad D a'*. For any type a € typ(A), the extent or instance set of « is the set
inst(a) = a? = {a € inst(A) | a =4 a}. Extent induces a preorder on types
typ(A) defined by: o <4 o/ when a4 C o'*. Note that a € a4 iff a € a4 for
any instance a € inst(A) and any type a € typ(A).

As befitting such an important and generic notion, classifications abound.
Organisms (instances) are classified by scientists into categories (types), such as
Plant, Animal, Fungus, Bacterium, Alga, Eukaryote, Prokaryote, etc. Words (in-
stances) are classified in a dictionary by parts of speech (types), such as Noun,
Verb, Adjective, Adverb, etc. The following is a motivating example in Bar-
wise and Seligman [2]: Given a first-order language L, the truth classification
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of L has L-structures as instances, sentences of L as types, and satisfaction as
the classification relation: M | ¢ when sentence ¢ is true in structure M. An
ontology forms a classification with either explicit subtyping or subsumption
being the classification relation. Any preorder P = (P, <p) is a classification
P = (P, P,<p), where the preorder elements function as both types and in-
stances, and the ordering relation is the classification.

Systemic examples of classifications also abound. Given any set A (of in-
stances), the instance powerset classification pA = (A, pA, €) associated with
A, has elements of A as instances, subsets of A as types, with the member-
ship relation serving as the classification relation. Given any classification A =
(inst(A),typ(A), Ea), the dual classification A> = (typ(A),inst(A),Ea™) is
the involution of A. This is the classification, whose instances are types of A,
whose types are instances of A, and whose classification is the transpose of the
A classification. The involution operator applies also to morphisms of classifica-
tions and limiting constructions on classifications.

Concept Lattices. The basic notion of FCA is the notion of a formal concept.
A formal concept is a pair a = (A, I') of subsets, A C inst(A), called the extent
of the concept a and denoted ext4(a), and I' € typ(A), called the intent of the
concept a and denoted int 4(a), that satisfies the closure properties A = I 4 and
I' = AA. There is a naturally defined concept order: a; < ay when a; is more
specific than ay or dually when a, is more generic than ay: exta(a;) C exta(ag),
or equivalently, int4(az;) D inta(ag). This partial order is part of a complete
lattice L(A) = (L(A), <a, A4, V1) underlying the concept lattice of A, where
the meet and join are defined by: A 4(C) = (Ncec exts(c), (Ucee intA(c))AA)
and \/ ,(C) = ((Ueec ext4(c))**, Neec int4(c)) for any collection of concepts
CClL(A).

Define the instance embedding relation t4 : inst(A) — L(A), as follows: for
every instance a € inst(A) and every formal concept a € L(A) the relationship
atga holds when a € ext(a), a is in the extent of a. This relation is closed on the
right with respect to lattice order. Instances are mapped into the lattice by the
instance embedding function 4 : inst(A) — L(A), where 14(a) = (a4, a?) for
each instance a € inst(A). This function is expressed in terms of the relation as
the meet 14(a) = A\ 4 ata. Concepts in t4[inst(A)] are called instance concepts.
Any concept a € L(A) can be expressed as the join a = \/a€ext(a)ra(a) of
a subset of instance concepts — va[inst(A)] is join-dense in L(A). Dually, de-
fine the type embedding relation 74 : L(A) — typ(A), as follows: for every type
a € typ(A) and every formal concept a € L(A) the relationship arga holds
when «a € int(a), a is in the intent of a. This relation is closed on the left respect
to lattice order. Types are mapped into the lattice by the type embedding func-
tion T4 : typ(A) — L(A), where 74(a) = (a?,a4) for each type a € typ(A).
This function is expressed in terms of the relation as the join 74 (o) = \/ , T4
Concepts in T4[typ(A)] are called type concepts. Any concept @ € L(A) can
be expressed as the meet a = /\aemt(a) Ta() of a subset of type concepts —
Ta[typ(A)] is meet-dense in L(A). Any classification a =4 « can be expressed in
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terms of the instance/type mappings as: t4(a) <4 74(a) — the classification re-
lation decomposes as the relational composition: Eg= 140 <4 074*. The quin-
tuple L(A) = (L(A),inst(A),typ(A),ta,Ta), is called the concept lattice of the
classification A. More abstractly, a concept lattice L = (L, inst(L),typ(L), L, TL)
consists of a complete lattice L, two sets inst(L) and typ(L) called the in-
stance set and type set of L, respectively; along with two functions mapping to
the lattice, the instance embedding tr : inst(L) — L and the type embedding
71 : typ(L) — L, such that ¢g[inst(L)] is join-dense in L and 7p[typ(L)] is meet-
dense in L. For each classification A the associated quintuple L(A) is a concept
lattice.

Let A be any classification and let A be any (indexing) set. A collective
A-instance indexed by A is any relation a : inst(A) — A, and a collective A-
type indexed by A is any relation a : A — typ(A). Let [inst(A), A] denote the
preorder of A-indexed A-instances, and let [A,typ(A)] denote the preorder of
A-indexed A-types. The equivalence o < a\A iff aoax < A iff ¢ < A/« states
that derivation with respect to A forms an adjoint pair (Galois connection)
(N\AHA/(): [inst(A), A] = [A,typ(A)]°P. This observation can be extended
to the statement that derivation forms a natural transformation §, : typ, =
insty, : Relation” — Adjoint between two functors between Relation®” the
opposite of the category of sets and binary relations and Adjoint the category
of preorders and adjoint pairs of monotonic functions. Define the functor typ 4
to map sets A to the preorder of collective A-types [A,typ(A)]™ and relations
r : A < B to the adjoint pair r\( ) - ro( ), and define the functor inst4 to
map sets A to the preorder of collective A-instances [inst(A), A] and relations
7 : A < B to the adjoint pair ( Jor 4 ( )/r. For each set X let §, y denote the
derivation adjoint pair ( )\A - A/( ). Then § 4 is a natural transformation with
X' component § 4 .

An A-indexed collective A-concept is a pair (a,«), where a : inst(4) —
A is a collective A-instance, a@ : A — typ(A) is a collective A-type, which
satisfy the closure conditions a = A/« and o = a\A. Let A > A denote the
collection (lattice) of all A-indexed collective A-concepts. The basic example
of a collective A-concept is the pair (14,74) consisting of the instance relation
ta :inst(A) — L(A) and the type relation 74 : L(A) — typ(A), since the
closure conditions t4\A = 74 and A/74 = 14 hold. This collective concept is
indexed by the concept lattice L(A). Any A-indexed collective A-concept (a, @)
induces a unique mediating function f : A — L(A) satisfying the constraints
a=forg=f\7aand a =140 f* =14/f. The definition f(x) = (ax,za) is
well-defined, since the closure conditions are equivalent to the (pointwise) fact
that (az,za) € L(A) is a formal concept for each indexing element x € A.
Conversely, for any function f : A — L(A), the pair (14 o f*,f o T4) is an
A-indexed collective A-concept, since the conditions t4 o f* = A/(f oT4) =
(A/1a)/f=1a/f and foTa = (tao fS)\A = f<\(ta\A) = f*\74 hold. So, we
have the isomorphism A> A = L(A)A7 representing the fact that any A-indexed
collective A-concept can equivalently be define as a function f: A — L(A).
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The left adjoint \( ) preserves intents: if (b, 3) is a B-indexed collective A-
concept, then (A/((bor)\A),r\B) is an A-indexed collective A-concept, since
r\@ = r\(b\A) = (bor)\A, an A-indexed A-intent; in particular, if § is a
B-indexed collective A-intent, then r\( is an A-indexed collective A-intent.
The right adjoint ( )/r preserves extents: if (a,) is an A-indexed collective
A-concept, then (a/r, (A/(roa))\A) is a B-indexed collective A-concept, since
a/r = (A/a)/r = A/(roa), a B-indexed A-extent; in particular, if a is an A-
indexed collective A-extent, then a/r is a B-indexed collective A-extent. These
two observations are concentrated in an adjoint pair of monotonic functions,
(¢pr tbr) : A> B = A A, where the left adjoint ¢, : A>B — A A is defined
by ¢,((b,5)) = (A/((bor)\A),r\B) and the right adjoint ¢, : A>B < A> A
is defined by ¢,.((a,@)) = (a/r, (A/(roa))\A). Adjointness follows from the ex-
pressions a < r\f iff roa < @ implies b < a/r and the expressions b < a/r iff
bor < a implies o < r\f.

2.2 Morphisms

Functional Infomorphisms. Classifications are connected through infomor-
phisms. Infomorphisms connect classifications and provide a way to move infor-
mation back and forth between classifications. There exist two generality levels
of infomorphism: functional infomorphisms and relational infomorphisms. Func-
tional infomorphisms are the infomorphisms that are used in the literature on
Information Flow [2] and *-autonomous categories and the Chu construction [IJ.
Relational infomorphisms are newly defined in this paper. This subsection gives
the definition of functional infomorphism. The next subsection will define the
relational version.

A (functional) infomorphism f = (inst(f),typ(f)) : A = B from classi-
fication A to classification B is a contravariant pair of functions, a function
f= typ(f) : typ(A) — typ(B) in the forward direction between types and a
function f = inst(f) : inst(A) < inst(B) in the reverse direction between in-
stances, satisfying the following fundamental property f(b) =4 o iff b =5 f()
for each instance b € inst(B) and each type « € typ(A). In the theory of the
Chu construction [I] an infomorphism (a morphism in the category Chu(Set, 2))
is known as a Chu transformation.

Systemic examples of functional infomorphisms abound. For any two sets (of
instances) A and B, any function f : A < B and its inverse image function
f1:pA — oB form a instance powerset infomorphism of = (f, f~1) : pA =
©B between the instance powerset classifications. Given any classification A =
(inst(A),typ(A),[=4), the intent infomorphism na : A = p(inst(A)) from A
to the powerset classification of the instance set of A, is the identity function on
instances and the intent function 74 (a) = int4(«) on types.

Given any two infomorphisms f = (inst(f),typ(f)) : A = B and g =
(inst(g),typ(g)) : B = C, there is a composite infomorphism f o g =
(inst(g) - inst(f),typ(f) - typ(g)) : A = C defined by composing the type
and instance functions. Given any classification A = (inst(A),typ(A),=4), the
pair of identity functions on types and instances forms an identity infomorphism
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ida : (idinst(a), idiypa)) ©+ A = A (with respect to composition). Given any
infomorphism f = (inst(f),typ(f)) : A = B, the dual infomorphism is the
infomorphism f* : (typ(f),inst(f)) : B = A™, whose source classification is
the dual of the target of f, whose target classification is the dual of the source
of f, whose instance function is the type function of f, and whose type function
is the instance function of f. Classifications and functional infomorphisms form
a category Classification with involution ().

For any infomorphism f = (inst(f),typ(f)) : A = B, the instance func-
tion is a monotonic function between instance preorders inst(f) : inst(A) +
inst(B), and the type function is a monotonic function between type preorders
typ(f) : typ(A) — typ(B). These facts are represented as two (projection)
functors: the functor inst (contravariant) from Classification to Preorder®”, the
opposite of the category of preorders and monontonic functions, maps each clas-
sification to its instance preorder and each infomorphism to its instance mono-
tonic function; and the functor typ from Classification to Preorder maps each
classification to its type preorder and each infomorphism to its type monotonic
function.

An adjoint pair of monotonic functions f = (left(f),right(f)) : P = Q
from preorder P = (P, <p) to preorder Q = (Q,<g) is a contravariant pair of
functions, a monotonic function left(f) : P — @ in the forward direction and
a monotonic function right(f) : P < @ in the reverse direction, satisfying the
following fundamental adjointness property left(f)(p) <q qiff p <p right(f)(q)
for each element p € P and each element ¢ € Q). The fundamental property of
functional infomorphisms is clearly related to the notion of adjointness. Preorders
and adjoint pairs of monotonic functions form the category Adjoint. Projecting
out to the left and right adjoint monotonic functions give rise to two (projection)
functors: the functor left from Adjoint to Preorder, and the functor right from
Adjoint to Preorder®®. Any adjoint pair of monotonic functions is a functional
infomorphism between the associated classifications. This fact is expressed as
the functor incl from Adjoint to Classification®” that commutes with projection
functors: incl o inst®” = left and incl o typ°? = right.

Relational Infomorphisms. A (relational) infomorphism r =
(inst(r),typ(r)) : A = B from classification A to classification B is a pair of
binary relations, a type relation 7 = typ(r) : typ(A) — typ(B) between types
and an instance relation 7 = inst(r) : inst(A) — inst(B) between instances,
satisfying the following fundamental property: ¥\A = B/#. This property is
equivalent to either of the properties in Table [II The common relation 7\ A =
B/7 :inst(B) — typ(A) in the fundamental property is called the bond of 7.
Given any two relational infomorphisms r = (inst(r),typ(r)) : A = B
and s = (inst(s),typ(s)) : B = C, there is a composite infomorphism
ros = (inst(r)oinst(s), typ(r)otyp(s)) : A = C defined by composing the
instance and type relations of the component infomorphisms, and whose funda-
mental property follows from the preceding composition and associative laws.
Given any classification A = (inst(A),typ(A), =a), the pair of identity rela-
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Table 1. Relational Infomorphism

I\ A -
ac(#b)4 iff be(ar)B Vocinst(B) N Vocingi(a)
#bCaf iff archB
- A ; - Ay ~cpB i ~cpB ;
FBCTI? ff Vyep aep 7Cat Mff Vycp aep arChP iff recs VBCinst(p) and Y Ctyp(A)

FoBCA/I' iff Borci\a iff Borcs/# iff rorCB\B VBiinst(B)—1 and Yo typ(A)

typ(4)  typ(B) typ(A) —— typ(B)

inst(A)|  =a ':AT N T'ZA
inst(B)|F\A=B/?| |=p M\A

inst(A) — inst(B)

T

tions on instances and types, with the bond being A, forms an identity infomor-
phism idg = (idipse(a),idiypa)) © A = A (with respect to composition). For
any given infomorphism r = (inst(r),typ(r)) : A = B the dual infomorphism
r> : (typ(r),inst(r)) : B = A* is the infomorphism, whose source classifi-
cation is the dual of the target of r, whose target classification is the dual of
the source of r, whose instance relation is the transpose of the type relation
of r, and whose type relation is the transpose of the instance relation of 7.
The fundamental property of relational infomorphisms for composition, identity
and involution follow from basic properties of residuation. Classifications and
relational infomorphisms form a category Classification, with involution ( )*.

Any functional infomorphism f = (f, ) = (inst(f), typ(f)) : A = B has an
associated relational infomorphism fn2rel(f) = (fo, f*) : A = B, whose bond is
the relation in the fundamental property [f(b) =4 a iff b =g f(o)] : inst(B) —
typ(A). The definition of the instance and type relations uses the induced orders
on instances and types: the type relation f® : typ(A) — typ(B) is defined by
f*(a,B) = f(a) <p B, and the instance relation f, : inst(A) — inst(B) is
defined by f.(a,b) = a <4 f(b). The operator fn2rel, which maps classifications
to themselves, is a functor from Classification to Classification,e.

The theory of classifications with relational infomorphisms can profitably be
regarded as a theory of Boolean matrices, with classifications being matrices,
infomorphisms being matrix pairs, composition involving matrix multiplication
in the two dual senses of relational composition and residuation, and involution
using matrix transpose.

Bonds. A bond [3] F : A — B between two classifications A and B is a
classification F' = (inst(B),typ(A), EF), sharing types with A and instances
with B, that is compatible with A and B in the sense of closure: type sets
{bF | b € inst(B)} are intents of A and instance sets {Fo | o € typ(A)}
are extents of B. Closure can be expressed categorically as (A/F)\A = F and
B/(F\B) = F. The first expression says that (A/F, F) is an inst(B)-indexed
collective A-concept, whereas the second says that (F, F\ B) is a typ(A)-indexed
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collective B-concept. A bond is order-closed on left and right: &’ <pg b, bF« imply
VFa,and bFa,a <4 o imply bFa’. Or, b’ <p bimpliest/ F D bF,and a <4 o/
implies Fa C Fdo'.

For any two bonds F : A — B and G : B — C, the composition is the
bond F o G = (B/G)\F : A — C defined using left and right residuation.
Since both F and G being bonds are closed with respect to B, an equiva-
lent expression for the composition is F ¢ G = G/(F\B) : A — C. Point-
wise, the composition is F ¢ G = {(¢,a) | Fa 2 (¢cG)?}. To check closure,
(A/(FoG)\A=(A/(B/G)\F))\A = (B/G)\F, since F being a collective
A-intent means that (B/G)\F is also a collective A-intent. With respect to
bond composition, the identity bond at any classification A is the classification
relation =4: A — A; its closed relational infomorphism is the instance-type
order pair (<4,<4) : A — A. With bond composition and bond identities,
classifications and bonds form the category Bond.

For any relational infomorphism r = (7, 7) = (inst(r),typ(r)) : A = B,
the common relation bond bond(r) = 7\ A = B/ in the fundamental property
is a bond: for any instance b € inst(B) the b'" row of the bond 7\ A is an
intent of A, since b(7*\A) = {a € typ(A) | #b € a} = (¥b)4, and for any
type a € typ(A), the ot column of the bond B/# is an extent of B, since
(B/7)a = {b € inst(B) | ai € bB} = (ar)®. Any bond F : A — B is the
bond of some (closed) relational infomorphism 7 : A & B — just make the
definitions: # = A/F and # = F\B, or pointwise #b = (bF)4 and a7 = (Fa)B.
There is a naturally defined equivalence relation on the collection of relational
infomorphisms between any two classifications A and B: two infomorphisms are
equivalent when they have the same bond. Since the bond of a composition is
the composition of the bonds and the bond of the identity is the identity bond,
this defines a bond quotient functor from relational infomorphisms to bonds,
that makes the category Bond a quotient category of Classification,e.

The notion of a bond of a relational infomorphism is (ignoring orientation)
the same notion of a bond as defined in [3]. The notion of a relational infomor-
phism, defined for the first time in this paper, supports a categorical rendering
of the notion of bond as defined in [3].

Bonding Pairs. A complete (lattice) homomorphism ¢ : L — K between
complete lattices L and K is a (monotonic) function that preserves both joins
and meets. Being meet-preserving, ¢ has a left adjoint ¢ : K — L, and being
join-preserving 1 has a right adjoint § : K — L. So, a complete homomorphism
is the middle monotonic function in two adjunctions ¢ = ¢ - 6. Let Complete
Lattice denote the category of complete lattices and complete homomorphisms.

The bond equivalent to a complete homomorphism would seem to be given
by two bonds F : A — B and G : B — A, where the right adjoint ¢¥p : L(4) —
L(B) of the complete adjoint A(F) = (¢, r) : L(B) = L(A) of one bond (say
F, without loss of generality) is equal to the left adjoint ¢ : L(A) — L(B) of
the complete adjoint A(G) = (pg,v¢g) : L(A) = L(B) of the other bond G
with the resultant adjunctions, ¢r 4 1¥p = ¢¢ - Y@, where the middle adjoint
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is the complete homomorphism. This is indeed the case, but the question is what
constraint to place on F' and G in order for this to hold. The simple answer is to
identify the actions of the two monotonic functions 1 ¢ and ¢, and this is exactly
the solution given in [3]. Let (A, I') € L(A) be any formal concept in L(A). The
action of the left adjoint ¢ on this concept is (A, I') — (AGB  A%), whereas
the action of the right adjoint ¢ on this concept is (4,I") — (I'F, I'FB). So
the appropriate pointwise constraints are: A8 = I'F and I'*B = A€ for every
concept (A,I') € L(A). We now give these pointwise constraints a categorical
rendition.

A bonding pair (F,G) : A = B between two classifications A and B is a
contravariant pair of bonds, a bond F : A — B in the forward direction and
a bond G : B — A in the reverse direction, satisfying the following pairing
constraints: (1) F /174 = B/(ta\G) and (2) t4\G = (F/74)\B, which state
that (F/74,t4\G) is an L(A)-indexed collective B-concept. The definitions of
the relations F' /74 and 14\ G are given as follows: F /74 = {(b,a) | int(a) C
bF} = {(b,a) | (bF)4,bF) <p a} and 14\G = {(a,f3) | ext(a) C GB} =
{(a,B) | a <p (GB,(GB)*)}. Any concept a = (A, I') € L(A) is mapped by
the relations as: (F/74)(A, 1)) ={b | CbF} =T'F and (14\G)((A, 1)) =
{8 | A C GB} = A®. Hence, pointwise the constraints are I'f = BB and
A€ = I'FB_ These are the original pointwise constraints of [3] discussed above.

The pointwise constraints can be lifted to a collective setting — any bonding
pair (F, G) : A = B preserves collective concepts: for any A-indexed collective
A-concept (a,a),a\A = o and A/a = a, the conceptual image (F/a,a\G) is
an A-indexed collective B-concept, B/(a\G) = F/«a and (F/a)\B = a\G. An
important special case is the L(A)-indexed collective A-concept (14, 74). To state
that the (F, G)-image (F/7a,ta\F) is an L(A)-indexed collective B-concept,
is to assert the pairing constraints F /74 = B/(t4\G) and 14\ G = (F /75)\B.
So, the concise definition in terms of pairing constraints, the original pointwise
definition of [3], and the assertion that (F, G) preserves all collective concepts,
are equivalent versions of the notion of a bonding pair.

Two other special cases are the collective B-concepts (F,A\G) and
(F/A, G) with pairing constraints B/(A\G) = F and (F/A)\B = G, which
are (F, G)-images of the collective A-concepts (F=a4,<4) and (<4, =a4). Since
any collective concept uniquely factors in terms of its mediating function, the
image of any collective concept can be computed in two steps: (1) Factor
an A-indexed collective A-concept (a,a) in terms of the mediating function
f+ A — L(A) and the basic collective A-concept (14,74); and (2) Compose
the (F, G)-image (F/7a,tp\ G) with the mediating function f, resulting in the
(F, G)-image A-indexed collective A-concept (F /o, a\G).

Let (F,G): A= B and (M,N): B = C be two bonding pairs. Define
the bonding pair composition (F,G) o (M,N) = (FoM,NoG) : A= C in
terms of bond composition. We can check, either categorically or pointwise, that
bonding pair composition is well defined. Let Bonding Pair denote the category,
whose objects are classifications and whose morphisms are bonding pairs.
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3 Architecture

The architecture of the distribution/conception distinction is a categorical equiv-
alence at both the functional and the relational poles of the other (scope) dis-
tinction. This architecture is in one sense a categorical expression of the ba-
sic theorem of Formal Concept Analysis. The central architecture is revealed
at the functional level to be the equivalence between Classification and Con-
cept Lattice, at the relational level to be the equivalence between Bond and
Complete Adjoint“” and at the complete relational level to be the equivalence
between Bonding Pair and Complete Lattice. Not to be forgotten is the fact
from Information Flow, that Classification is also equivalent to Regular Theory,
the category of regular theories and theory morphisms.

3.1 Functional Equivalence

Information Flow (IF) and Formal Concept Analysis (FCA) are intimately con-
nected. Every classification supports, and is equivalent to, an associated complete
lattice called its concept lattice. Every infomorphism defines an adjoint pair of
monotonic functions between the concept lattices of its source and target classi-
fications. This section formalizes these observations in a theorem on categorical
equivalence.

The Concept Lattice Functor. Let f = (inst(f),typ(f)) : A = B be any
functional infomorphism between two classifications with instance function f=
inst(f) : inst(B) — inst(A) and type function f = typ(f) : typ(A) — typ(B).
How are the two concept lattices L(A) and L(B) related?

Since for any concept (A,I) € L(A) the equality f~'[A] = f[ljB holds

between direct and inverse images, the mapping (A, ") ~ (f~YAL (fF1ADE)
is a well-defined monotonic function L(f) : L(B) < L(A) that preserves type

concepts in the sense that: 74 - L(f) = f - 75. Since it is always true that
meet-irreducible concepts are type concepts, if L(B) is type reduced, then
L( f) preserves meet-irreducibility — it maps meet-irreducible concepts to meet-
irreducible concepts. Dually, since for any concept (B, A) € L(B) the equality
fIB]A = f~1[A] holds, the mapping (B,A) — (f~ A4, f~1[4]) is a well-

defined monotonic function L(f) : L(B) — L(A) that preserves instance con-
cepts in the sense that: tp - L(f) = f - 1. Since it is always true that join-

irreducible concepts are instance concepts, if L(A) is instance reduced, then L(f)
preserves join-irreducibility — it maps join-irreducible concepts to join-irreducible
concepts. Moreover, (L(f),L(f)) : L(B) = L(A) is a pair of adjoint monotonic

functions between concept lattices, with L(f) left adjoint and L(f) right adjoint.

The quadruple L(f) = <L(f)7 L(f), f, f} is called the concept lattice morphism
of the infomorphism f = (f, f) = (inst(f), typ(f)) : A = B. More abstractly, a
concept lattice morphism h = (h, h,h,h) = (left(h), right(h),inst(h),typ(h)) :
L = K between two concept lattices L and K consists of a pair of ordinary
functions h = inst(h) : inst(L) « inst(K) and h = typ(h) : typ(L) — typ(K)
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between instance sets and type sets, respectively; and an adjoint pair adj(h) =
(h,h) = (left(h),right(h)) : K = L of monotonic functions, where the right
adjoint h = right(h) : L — K is a monotonic function in the forward direction
that preserves types 7 - h = h-1k, and the left adjoint h= left(h): L+ K isa
monotonic function in the reverse direction that preserves instances g h=h L

Let Concept Lattice denote the category of concept lattices and con-
cept lattice morphisms. For each infomorphism f = A = B the quadruple
L(f) : L(A) = L(B) is a concept lattice morphism from L(A), the concept
lattice of classification A, to L(B), the concept lattice of classification B. The
operator L is a functor called concept lattice from Classification, the category of
classifications and functional infomorphisms, to Concept Lattice, the category
of concept lattices and concept lattice morphisms.

Classification Functor. Any concept lattice L = (L,inst(L),typ(L),tr,7TL)
has an associated classification C(L) = (inst(L),typ(L), =), which has L-
instances as its instance set, L-types as its type set, and the relational com-
position |Er= tgo <p o7 as its classification relation. Associated with any
concept lattice morphism h = (left(h),right(h),inst(h),typ(h)) : L = K,
from concept lattice L to concept lattice K, is the infomorphism C(h) =
(inst(h),typ(h)) : C(L) = C(K). The fundamental property of infomorphisms
is an easy translation of the adjointness condition for adj(h) : K = L and the
commutativity of the instance/type functions with the adjoint pair of monotonic
functions (left/right functions). The operator C is a functor called classification
from Concept Lattice, the category of concept lattices and their morphisms, to
Classification, the category of classifications and infomorphisms.

Equivalence. The functor composition C o L is naturally isomorphic to the
identity functor Idconcept Lattice- 1O see this, let L = (L, inst(L), typ(L), tr, Tr)
be a concept lattice with associated classification C(L) = (inst(L), typ(L), Er).
Part of the fundamental theorem of concept lattices [3] asserts the isomor-
phism L = L(C(L)). In particular, define the map L(C(L)) — L by (A, I") —
Vi to(A) = Apmo(I) for every formal concept (A, I') in L(C(L)), and the map
L — L(C(L)) by z — ({a € inst(L) | vp(a) <g z},{a € typ(L) | = <g
7r(a)}) for every element & € L. These are inverse monotonic functions. Let
h = (left(h),right(h),inst(h),typ(h)) : L = K be a concept lattice mor-
phism from concept lattice L to concept lattice K, with associated infomor-
phism C(h) = (inst(h),typ(h)) : C(L) = C(K). Then, up to isomorphism,
L(C(h)) = h. This defines the natural isomorphism: C o L = Idcencept Lattice-

The functor composition L o C is equal to the identity functor Idcjassification-
To see this, consider whether A = C(L(A)) for any classification A. Obviously,
the type and instance sets are the same. What about the classification relations?
The classification relation in C(L(A)) is defined in terms of the lattice order
and instance/type embeddings by = to <p o71°; which is easily seen to be
equal |=r. Hence, A = C(L(A)). What about infomorphisms? The functional
infomorphisms f and C(L(f)) are equal.
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3.2 Relational Equivalence

Relational infomorphisms are more general than functional infomorphisms. This
increased flexibility and expressiveness must be balanced with a decreased num-
ber of properties. However, the property of (categorical) equivalence between
the distributional side and the conceptual side still holds. This section formal-
izes these observations in a theorem on categorical equivalence.

The Complete Adjoint Functor. Let F : A — B be any bond and let
r = (F,7) = (inst(r),typ(r)) : A = B be any relational infomorphism having
F as its bond. We again ask how the two concept lattices L(A) and L(B) are
related, but now in terms of relational infomorphisms. More particularly, how
are L(A) and L(B) related to L(F'), the concept lattice of the bond itself?

Since for any concept (B,I') € L(F) the intent I' = B¥ = (,_; bF is an
intent of L(A), the mapping (B, I") — (I'4,I") is a well-defined monotonic func-
tion d : L(F) — L(A) that has a right-adjoint-right-inverse 9y : L(A) — L(F)
defined as the mapping (A, ') — (I'F, I'FF). Let intp = (9o, &) : L(F) = L(A)
denote this adjoint pair (coreflection). Dually, since for any concept (B,I") €
L(F) the extent B = I'' = (N . Fa is an extent of L(B), the mapping
(B,I') = (B,B?) is a well-defined monotonic function 9; : L(F) — L(B)
that has a left-adjoint-right-inverse d; : L(B) — L(F) defined as the mapping
(B, A) — (BFF BF). Let extp = (81,8:) : L(B) = L(F) denote this adjoint
pair (reflection).

Since for any concept (A, ') € L(A) the equality I'f = F/I" = (B/7)/T" =
B/(I'of) = (I't)B holds, the mapping (A, ") — (I'F,I'FB) is a well-defined
monotonic function L(7#) : L(A) — L(B), which is the composition L(7) =
do - 81 Dually, since for any concept (B, A) € L(B) the equality B = B\F =
B\(#*\A) = (foB)\A = (#¥B)? holds, the mapping (B, A) ~ (B4 BF) is a
well-defined monotonic function L(7) : L(A) < L(B), which is the composition
L(7) = ; - 8y. Basic properties of residuation show that this is an adjoint pair of
monotonic functions (L(7), L(7)) = intpoexty : L(B) = L(A), since BF D I'iff
B\F DT iff BoI' C Fiff BC F/I'iff B C I'F. The pair A(F) = (L(7), L())
is called the complete adjoint of the bond F : A — B.

More abstractly, a complete adjoint h = (left(h),right(h)) : L = K be-
tween complete lattices L and K is an adjoint pair of monotonic functions. Let
Complete Adjoint denote the category of complete lattices and adjoint pairs of
monotonic functions. For each bond F : A — B the pair A(F) : L(B) = L(A) is
a complete adjoint between the concept lattices of the target and source classifi-
cations B and A. The operator A is a functor called complete adjoint from Bond
the category of classifications and bonds to Complete Adjoint®” the opposite of
the category of complete lattices and adjoint pairs.

The Bond Functor. Associated with any complete lattice L = (L, <g, A;, V1)
is the classification B(L) = (L, L, <), which has L-elements as its instances
and types, and the lattice order as its classification relation. Associated with
any complete adjoint h = (¢,¢) = (left(h),right(h)) : K = L is the bond
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B(h) : B(L) — B(K) defined by its adjointness property: yB(h)z iff ¢(y) <p z
iff y <g 9¥(x) for all elements x € L and y € K. The closure property of
bonds is obvious, since yB(h) =11 ¢(y) for all elements y € K and B(h)z =]k
() for all elements © € L. The operator B is a functor called bond from
Complete Adjoint®” the category of complete lattices and adjoint pairs to Bond
the category of classifications and bonds.

Equivalence. The functor composition B o A is naturally isomorphic to the
identity functor Idcomplete Adjointor. To see this, let L = (L,<g,A;,\/[) be a
complete lattice with associated classification B(L) = (L, L, <r). Part of the fun-
damental theorem of concept lattices [3] asserts the isomorphism L = A(B(L)).
In particular, formal concepts of A(B(L)) are of the form (| x,Tr x) for ele-
ments z € L. So, define the obvious maps A(B(L)) — L by (lf z,11 ) — «
and L — A(B(L)) by x — (lr z,11p ), for every element = € L. Let
h = (¢,9) = (left(h),right(h)) : K = L be a complete adjoint with asso-
ciated bond B(h) : B(L) — B(K). Then, the right adjoint of A(B(h)) maps
(b =10 ) = ({r ¥(x),Tr ¥(z)) and the left adjoint of A(B(h)) maps
Ik ¥, 7k y) = (k ¢(y), Tk ¢(y)). So, up to isomorphism, A(B(h)) is the
same as h. This defines the natural isomorphism: B o A = I'dcomplete Adjointor -

The basic theorem of Formal Concept Analysis [3] can be framed in terms
of two fundamental bonds (relational infomorphisms) between any classification
and its associated concept lattice. For any classification A the instance embed-
ding relation is a bond ¢4 : L(A) — A from the concept lattice to A itself,
and the type embedding relation is a bond 74 : A — L(A) in the reverse di-
rection. The pair (L(A)/ta,74) : L(A) = A is a relational infomorphism whose
bond is the instance embedding relation. The pair (14,74\L(4)) : A = L(A)
is a relational infomorphism whose bond is the type embedding relation. The
instance and type embedding bonds are inverse to each other: 14 © 74 = Idy(4)
and T4 o1q = Idy.

The functor composition Ao B is naturally isomorphic to the identity functor
Idgond. To see this, let A be a classification with associated concept lattice
A(A). The comments above demonstrate the isomorphism A = B(A(A4)). Let
F : A — B be a bond between classifications A and B with associated complete
adjoint A(F) : A(B) = A(A). The bond B(A(F)) : B(A(A)) — B(A(B))
contains a conceptual pair (b, a) of the form b = (B,A) and a = (A4,I") iff
BoI C F, where BoI' = BxI a Cartesian product or rectangle, iff B C I'F iff
' C BF.So, (1yoF)org = (F/(1a\A))otp = (F/7a)om8 = (B/78)\(F/T4) =
t\(F/74) = B(A(F)), by bond composition and properties of the instance and
type relations. Hence, B(A(F))otp = 14 o F. This proves the required naturality
condition.

3.3 Complete Relational Equivalence

In the section on relational equivalence, we have seen how bonds are categorically
equivalent to the opposite of complete adjoints, adjoint pairs between complete
lattices. Unfortunately, these are not the best morphisms for making structural
comparisons between complete lattices. Complete homomorphisms are best for
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this [3]. Since complete homomorphisms are special cases of complete adjoints
on the conceptual side, we are interested in what constraints to place on bonds
on the distributional side.

The Complete Lattice Functor. Let (F,G) : A = B be any bonding
pair. Then F : A — B is a bond in the forward direction from classification
A to classification B, and G : A — B is a bond in the reverse direction to
classification A from classification B. Applying the complete adjoint functor,
we get two adjoint pairs in opposite directions: (¢r,9¥r) : L(B) = L(A) in
the forward direction and (¢g,%¢q) : L(A) = L(B) in the reverse direction. It
was shown above that for bonding pairs the meet-preserving monotonic function
YF @ L(A) — L(B) is equal to the join-preserving monotonic function ¢¢ :
L(A) — L(B), giving a complete homomorphism. This function is the unique
mediating function for the L(A)-indexed collective B-concept (F/74,t4\ G), the
(F, G)-image of the L(A)-indexed collective A-concept (t4,74), whose closure
expressions define the pairing constraints.

The complete lattice functor A? : Bonding Pair — Complete Lattice is the
operator that maps a classification A to its concept lattice A%2(A) = L(A) re-
garded as a complete lattice only, and maps a bonding pair (F, G) : A = B to
its complete homomorphism A2((F, G)) = ¢p = ¢¢ : L(A) — L(B).

The Bonding Pair Functor. Let v» : L — K be a complete homo-
morphism between complete lattices L and K with associated adjunctions
¢ 4 1¢ 4 6. Then {(¢,v) : K = L and (¢,0) : L = K are morphisms
in Complete Adjoint. Application of the bond functor B produces the bonds
F =B({¢,¢)) : B(L) = B(K) and G = B({,6)) : B(K) — B(L) between the
classifications B(L) = (L, L,<g) and B(K) = (K, K,<k). Note that for any
complete lattice L the instance and type relations for the classification B(L) are
both equal to the order relation tf = <p = TL. Since F /7, = F/<; = F,
B(K)/(t1\G) = <kg/(<I\G) = <kx/G = F, ;\G = <;\G = G and
(F/mp)\B(K) = (F/<p)\<k = F\<kg = G, the pair of bonds (F,G) is a
bonding pair (F, G) = (B((6, 1)), B({1,0))) : B(L) = B(K). Let B2(1}) denote
this pair.

The bonding pair functor B% : Complete Lattice — Bonding Pair is the
operator that maps a complete lattice L to its classification (L, L, <r) and maps
a complete homomorphism to its bonding pair as above. Since the bond functor
B is functorial, so is B2.

Equivalence. The functor composition A% o B? is naturally isomorphic to the
identity functor Idgonding Pair- Consider any classification A. The type and in-
stance embedding relations form bonding pairs in two different ways, (74,c4) :
A = L(A) = A20B%(A) and (14,74) : A%20B2(A) = L(A) = A, and these are
inverse to each other: (74,14) ¢ (ta,74) = Ida and (ta,74) ¢ (Ta,ta) = Idi(a)-
So that each classification is isomorphic in Bonding Pair to its concept lat-
tice: A = B?(L(A)) = A%oB?(A). Let (F,G) : A = B be a bonding pair.
As shown above, the naturality conditions for bonds F' and G are expressed as



Distributed Conceptual Structures 119

taoForp = AoB(F) and tpo GoTg = AoB( Q). So (14, Ta)o(F, G)o{(TB,1B) =
(tao Fotp,ipo GoTya) = (AcB(F),AoB(G)) = A20B%((F, G)).

The functor composition B2 o A? is naturally isomorphic to the identity func-
tor Idcomplete Lattice- Consider any complete lattice L. As we have seen in study-
ing relational equivalence, any complete lattice L is isomorphic to the complete
lattice (B20A2)(L) = L({L, L,<p)) via the bijection = +— (| =,7; z). Now
consider any complete homomorphism ¢ : L — K between complete lattices
L and K with associated adjunctions ¢ = 1 - 6. The bonding pair functor
maps this to the bonding pair B2(¢)) = (B({(¢,)),B((1,6))), and the com-
plete lattice functor maps this to the complete homomorphism A2(B2(v))) =
¢ : L((L,L,<p)) — L((K,K,<kg)) with associated adjunctions ¢ - ¢ - 0,
where ¢(lx v, Tk y) = (Ir ¢(y). Tz ¢(y)), v(lL 2,11 z) = (lk ¥(2), Tk ¥(2))
and 0Lk v, Tk y) = (Ir 0(v), 11 O(y)). Clearly, the naturality condition holds
between ¢ and (B2oA2)(v)).

3.4 Theorem and Architectural Diagram

Figure 2] contains a commuting diagram of functors, categories and equivalences
that represents the architecture of distributed conceptual structures. This is
the central contribution of this paper. Many of the details that support this
diagram are known from the literature ([2], [3]). This paper seeks to bring
these facts together into a coherent view. Figure [ is two-dimensional, having
the same orientation as Fig. [[l The vertical dimension contains the functional-
relational distinction. The morphisms of the equivalent categories Classification
and Concept Lattice are function-based, whereas the equivalent categories Bond
and Complete Adjoint®” are relation-based. The horizontal dimension contains
the distributional-conceptual distinction. This is represented as the three cat-
egorical equivalences expressed in Theorem [[I The equivalences between the
categories Classification and Concept Lattice at the functional level and the
categories Bond and Complete Adjoint®” at the relational level are expressions
of the basic theorem of Formal Concept Analysis [3]. The equivalence between
the categories Classification and Regular Theory is one of the main contribu-
tions of the theory of Information Flow [2].

Theorem 1. The distributional/conceptual distinction in the architecture of
distributed conceptual structures is represented by three categorical equivalences.

— The category of classifications and functional infomorphisms is categorically
equivalent to the category of concept lattices and concept lattice morphisms

Classification = Concept Lattice

via the lattice functor and classification functor, which are generalized in-
verses: L o C = Idcassification and C o L = IdConceptLattice'

— The category of classifications and bonds is categorically equivalent to the
category of complete lattices and complete adjoints

Bond = Complete Adjoint®”

via the complete adjoint functor and bond functor, which are generalized
inverses: Ao B = Idpong and B o A = Idcomplete Adjointo? -
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Fig. 2. Architectural Diagram of Distributed Conceptual Structures

— The category of classifications and bonding pairs is categorically equivalent
to the category of complete lattices and complete homomorphisms

Bonding Pair = Complete Lattice

via the complete lattice functor and bonding pair functor, which are general-
ized inverses: A2 o B2 = IdBonding Pair and B2o A2 = Idcomplete Lattice-

Proof. The bulk of this paper provides the proof for this theorem. O

4 Limit/Colimit Constructions

Limit/colimit constructions are very important in applications, often harboring
the central semantics. Categorical equivalence is more general and more useful
than categorical isomorphism. Fact [[l in the appendix expresses and proves the
well-known observation that equivalent categories have the same limit/colimit
structures. Since the distributional-conceptual distinction, the horizontal dimen-
sion illustrated in Fig. Pl and expressed in Theorem/[d], has three categorical equiv-
alences, limit/colimit structures will give added meaning to distributive concep-
tual structures. In brief comments below, although we describe limit/colimit
constructions on one side of the equivalence, we are assured of their preservation
when mapped to the other side of the equivalence.

A true conception of the limit/colimit architecture requires an understanding
of the two-dimensional fibrational nature of distributive conceptual structures.
Types and instances form fibered spans. The fibrational instance dimension is de-
fined in terms of the instance forgetful functor inst : Classification — Set°”, here
simplified by ignoring instance order. For any set (of instances) A, the A" fiber
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category of inst, denoted instfl(A), is the subcategory of classifications A with
instance set inst(A) = A and infomorphisms f : A = B with instance function
inst(f) = Id4. The fibrational type dimension is defined dually in terms of the
type forgetful functor typ : Classification — Set. The initial object in the A-th
fiber category inst_l(A) is the empty classfication 04 = (4,0, (), the terminal
object in inst ™ (A) is the instance powerset classification pA = (A, pA, €) — for
any classification A, the extent infomorphism 4 : A = p(inst(A)) is the unique
infomorphism in inst ' (A) from A to p(inst(A)). Given two classifications Ag
and A; in the A-th fiber category inst™*(A), the apposition Ag | A is the co-
product of Ay and A7 in instfl(A). Dual comments hold for the type fibrational
dimension, where for example subposition is the product construction.

The full category Classification contains all limits and colimits. Given two
classifications A and B, the sum (semiproduct) A+ B is the coproduct of A and
B in Classification. The dual notion provides the product. All limits/colimits
exist when not only products/coproducts but also quotient constructions exist.
Given a classification A, a dual invariant is a pair J = (A, R) consisting of
a set A C inst(A) of instances of A and a binary relation R on types of A
satisfying the constraint: if aR/3, then for each a € A, a Ea « if and only if
a =4 B. The dual quotient of A by J, written A/J, is the classification with
instances A, whose types are the R-equivalence classes of types of A, and whose
classification is a =4, [] if and only if a =4 «. Dual quotients include kernel
image factorizations, coequalizors and pushouts. Suitable colimit constructions
in Classification have been used by the author to define the semantics of ontology
sharing [4//5].

5 Summary and Future Work

This paper has had as its goal the formulation of a framework for conceptual
knowledge representation. For this it uses the language of category theory in
order to represent some of the essence of Information Flow and Formal Con-
cept Analysis, thereby unifying these two studies. This has culminated in the
recognition of the two-dimensional nature of distributed conceptual structures
(Fig. ), whose particulars, described as a commuting diagram (Fig. 2], repre-
sent the fundamental theorem of Formal Concept Analysis in terms of the three
categorical equivalences expressed in Theorem [[] Information Flow has initiated
development of the distributed nature of the logic of information, principally
represented by the morphisms on the distributional side of the diagram. Formal
Concept Analysis has developed the conceptual nature of knowledge, principally
represented by the objects on the conceptual side of the diagram.

The author is currently engaged in the development of the Information Flow
Framework (IFF), whose mission is to further the development of the theory
of Information Flow and Formal Concept Analysis and to apply these to dis-
tributed logic, ontologies, and knowledge representation. The Information Flow
Framework is manifest as the IFF Foundation OntologyEL which is being formu-
lated in a new version of the Knowledge Interchange Format (KIF). The IFF

! Located at: URL: http://suo.ieee.org/IFF/
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Foundation Ontology represents metalogic. It provides a principled foundation
for the metalevel (structural level) of the Standard Upper Ontology (SUO). The
SUO metalevel can be used as a logical framework for manipulating collections
of object level ontologies. The IFF Foundation Ontology is rather large, but
highly structured. It is partitioned into three metalevels: top, upper and lower.
These metalevels correspond to the set-theoretic distinction in foundations be-
tween the generic, the large and the small. Each metalevel is partitioned into
numerous namespaces and services the level below it. The top metalevel pro-
vides an interface between the KIF logical language and the upper metalevel
of the IFF Foundation Ontology. The upper metalevel is partitioned into three
sub-ontologies: the IFF Upper Core Ontology, the IFF Upper Classification On-
tology, and the IFF Category Theory Ontology. The lower metalevel contains,
amongst other modules, the IFF Model Theory Ontology, the IFF Algebraic The-
ory Ontology, and the IFF Ontology Ontology. The lower metalevel represents
object-level ontologies by providing terminology and axiomatization for (1) the
formal or axiomatic semantics of IFF theories, (2) the interpretative semantics
of IFF model-theoretic structures, and (3) the combined semantics of IFF logics.
Guided by the Upper Classification Ontology, the lower metalevel also offers a
complete framework for a conceptual “lattice of theories” as concentrated in the
fundamental truth meta-classification and truth concept meta-lattice. The IFF
Upper Classification Ontology, which enables metalevel reasoning about truth,
formalizes the terminological and axiomatic content of this paper.
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A  Appendix

According to Saunders Mac Lane [7], equivalences between categories are more
general, and more useful, than isomorphisms between categories. We emphat-
ically concur and we argue that the main reason for their usefulness is de-
rived from the well-known observation that equivalent categories have the same
limit /colimit structures. We make this precise by the following fact.

Fact 1 If categories A and B are equivalent, then they have the same
limit/colimit structures. More particularly, if B has limits (colimits) for all C-
shaped diagrams, then A also has limits (colimits) for all C-shaped diagrams,
and vice-versa. In particular, A is complete (co-complete) iff B is complete (co-
complete).

Proof. Assume F : A — B and G : B — A are functors that mediate the
equivalence through natural isomorphisms 7 : Idpa == FoG and € : GoF = Idg.
This means the following.

— 7 is the unit and € is the counit of adjunction F 4 G:
nF @ Fe = Idg and Gn e ¢G = Idg.
— The natural transformations 1 are n~! are inverse:
nemn —IdIdA andn 10’17=Id|:o(;.
The natural transformations € are ¢! are inverse:
coe ! =TIdgor and el @e = Idrqyg.
¢! is the unit and ! is the counit of adjunction G - F:

e 'GeGn ! =Idg and Fe~! e p~'F = Idp.

Let D : C — A be any C-shaped diagram in A. Diagram D is mapped by F to
Do F : C — B, a C-shaped diagram in B. By assumption, there is a limiting
cone A : B = DoF for DoF in B with limit object B. We will show that
AG e D7~ ! : G(B) = D is a limiting cone for D in A with limit object G(B).

Let v : A = D be any cone for D in A. Then vF : F(A) = D oF is a cone for
D o F in B. Since A is a limiting cone, there is a unique B-arrow ¢ : F(A) — B
with g - A = vF. Define A-arrow f =n4-G(g) : A — G(F(A)) — G(B). We will
show that f is the unique mediating A-arrow for cone \G e Dnp~!; that is, f is
the unique A-arrow satisfying the constraint f - A\G e D=1 = 7.

[Existence] f - G(\;) -7~ 'p, = 14 - G(g) - G(\:) -0 'p, = 14 - G(g - \i) -
n o, =na-G(F(%))-n'p, =na-na~" v = . [Uniqueness] Suppose that
f:A— G(B) is any A-arrow satisfying f- (AG o anl) = ~. Applying F,
get F(F) 0" - M = () - FGON) - 'pqo) = F(J) - Fis00) - Flr o) =
F(f-G(\i)-n~'p,) = F(7:) = g-As. By uniqueness F(f)-np~' = F(f)-n~'5 = g.
Applying G, get f =74 - G(F(f))-G(ns~") =na-G(g ) O
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Abstract. The aim of this paper is to suggest that Grobner bases can be
applied to the study of reflexive and transitive relations. To illustrate our
suggestion, we consider two examples. The first example is a Rule-Based-
Expert-System: the reflexive and transitive relation is the implication
arrow. The second example deals with railway interlocking systems: the
reflexive and transitive relation is the accessibility to sections in a railway
network. The study is generic; it can be applied to any reflexive and
transitive relation.

1 Introduction

The aim of this paper is to suggest that some Computer Algebra theoretical
results and their implementation using Grobner bases, can be applied to reflexive
and transitive relations.

To illustrate our suggestion, we consider two examples.

The first example is a Rule-Based-Expert-System (denoted RBES) dealing
with what in medical circles is known as “appropriateness criteria” for the ap-
plication of certain techniques in medicine [5]. Considering the RBES as a RAS
(Relational Attribute System) [4], the reflexive and transitive relation is the
implication arrow.

The second example deals with railway interlocking systems. Railway in-
terlocking systems are designed to prevent conflicting actions (related to the
position of switches and signals) during railway exploitation. A decision model
(independent from the topology of the station) based on the use of polynomial
ideals and Grobner bases is presented [9]. The reflexive and transitive relation
is the accessibility to sections in a railway network.

2 The RAS-RBES “Appropriateness Criteria”

The next Computer Algebra theoretical result links “tautological consequence”
in logic with an ideal membership problem in algebra using Grobner bases
[316.7].

H. de Swart (Ed.): RelMiCS 2001, LNCS 2561, pp. 124-[I33] 2002.
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Theorem 1. A formula Ay is a tautological consequence of a set of formulae
{A1, Ag, ..., A}, in any p-valued logic for p a prime number, iff the polynomial
translation of (the negation of ) Ay belongs to the ideal J+ 1, where J is the ideal
generated by the polynomial translations of (the negations of ) A1, Aa, ..., A, and
I is the ideal generated by the polynomials x} —x1, x5 — xo, ..., 2P — x,,. Intuitively
written:

NEG(Ao) E<XNEG(A1), NEG(A2),..., NEG(Am), 2} — x1,25 — 22, ..., xh — x) >

which can be denoted as
NEG(Ap)e J+1 .

Particularly interesting is the application of this theorem to a type of RAS
whose relations are reflexive and transitive: RBES represented in multi-valued
and modal logic. In this case the formulae Aj, Ag, ..., A,,, are the production
rules and facts (and possibly any other information as integrity constraints).

We have been able to apply the theorem to verification and extraction of new
knowledge in RBES containing up to 200 propositional variables under bi-valued
logic and up to 150 propositional variables under three-valued and modal logic.
The process of verification of consistency of a certain ideal takes a few seconds.
The same holds for the process of extraction of consequences. Next we give an
outline of a particular example of RAS-RBES dealing with what is known in
Medicine as “appropriateness criteria”.

2.1 Table Description

A set of medical data -effort test proof, one, two, or three blood vessels diseased,
LVEF (Left Ventricle Ejection Fraction) value- were presented to a panel of
ten experts on coronary diseases. They were asked about the appropriateness
of performing or not the action of revascularization, which could have been
done by means of two techniques: PTCA (Percutaneous Transluminal Coronary
Angioplasty) and CABG (Coronary Artery Bypass Grafting).

The experts’ opinions were set out in a table containing 260 information
items. Items 1 to 24 are transcribed afterwards as illustration.

(The patients are asymptomatic)
1. Effort test positive.

1.1. Left common trunk diseased
1.1.1. Surgical risk low-moderate

% LVEF (F) Revascularization PTCA and CABG

F>50 1:12345678%«°+42:12345678x°—+4
50> F >305:12345678x%4+46:12345678'«x>—+4
30>F>209:12345678 %x°+410:123456 78 +«%—+4
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1.1.2. Surgical risk high.

% LVEF (F) Revascularization PTCA and CABG

F > 50 3:123456785+4 4:12345% 78« —+4
50> F >307:12345678 " +4 8:123456'7'8%x%—4+4
30>F>2011:1 23456 782" +412:1 2345627 82«5 —+4

1.2. Three blood vessels diseased
1.2.1. Surgical risk low-moderate

/% LVEF (F) Revascularization PTCA

F > 50 13:1 2 3 4 5617182 %9° + A 14:1 2 3

50> F >3017:123 456 782« +A4 18:12 3

30>F>2021:1234'56 7 82" 4+A4 22:123
1.2.2. Surgical risk high.

/% LVEF (F) Revascularization PTCA and CABG

F > 50 15:1'2 3 4 5'6 72 %2 9% + A 16:1 2 3% 42 5 «7 8'9% 4+ 47T
50> F >3019:1 23456 7183544 20:123% 425 %7829+ 4D
30> F>2023:1234'56 7 8x%4+A4 24:1 223'4'5'% 6'7'8'9%2 + +D

and CABG

4 51617182 %957 + A
4 5% 7?82 %9°7+ A
4 5 6172420474+ A

A bold-type digit (1, 2,..., 260) is assigned to each row of digits, symbols
+, —, %, and letters A, D, I of the table. The rules R1, R2,..., R260 of the RBES
that translates the table, are numbered according to the digits mentioned above.

The experts were informed, for instance, in the six cases 1, 2, 5, 6, 9, 10
that, for a certain patient, the data were: effort test positive, suffers from left
common trunk disease, surgical risk is low/moderate and LVEF is in a given
percentage bracket.

Once a set of data is given, the panelists are asked about the appropriateness
of a therapeutic action: revascularization, which can be performed by means
of two different techniques, PTCA and CABG. The panelists’ response is tran-
scribed as a row of digits with or without superscripts, symbols +, —, 7, *, and
letters A, D, I.

The superscripts express the number of experts that have assigned a value
from 1 to 9 to the appropriateness of an action. “x” stands for the median.

The symbols + , — (and ? used in other parts of the table) respectively mean
that an action is, respectively, appropriate, inappropriate (and of undecided
appropriateness). If the panelists refer to revascularization, only one of these
symbols is transcribed. PTCA and CABG are referred to simultaneously by a
pair of these symbols.

The letter A at the end of a row means “agreement” about appropriateness,
inappropriateness or undecided appropriateness. D means “disagreement”and I
(which appears in other parts of the table) means “undecided agreement”. There
is disagreement D if the ratings of three panelists rank between 1 and 3, and the
ratings of another three rank between 7 and 9. There is agreement when there
are no more than two opinions outside an interval of [1,3], [4,6] or [7,9] that
contains the median. In any other case, there is undecided agreement I (i. e. big
standard deviation).
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2.2 Translation of the Tables into a Set of Production Rules

The tables can be translated into a set of production rules as follows.

e Assign a propositional variable, denoted z[i] (i = 1,...,9,13), y[1],y[2] (pos-
sibly preceded by a permissible combination of symbols =, O, ), to each
symptom and therapeutic action. Let us refer as illustration to a few of them,
for instance:

- Surgical risk high: —x[1]

- Effort test positive: z[2]

- Effort test not done or not decisive: $—x[2]
- LVEF > 50%: z[7]

- Left common trunk disease: z[3]

- Anterior proximal descendent affected: z[13]
- PTCA: y[1]
- CABG: y[2]

The relation between a given set of symptoms and the respective experts’
response can be reinterpreted as a production rule subject to the following
convention.

e In production rules based on the three-valued and modal logic here illus-
trated, the propositional variables z[i] (i = 1,..,9), 2[13], y[1] and y[2] can
be preceded by —, or/and the modal logic connectives O, ) or by any per-
missible combinations of these symbols. For reasons given in [5], the symbols
O and ¢ do not precede, except for the case “effort test not done or not de-
cisive” (represented as said above as $—x[2]), the variables z[i], i = 1,..,9
and z[13] or negations of variables that represent symptoms.

The relationship between the symptoms and the respective list of digits and
symbols in 6, for instance, can be reinterpreted as the statement: “IF the effort
test of a patient is positive AND he/she suffers from left common trunk disease
AND his/her surgical risk is low /moderate AND his/her LVEF is less-equal 50%
and over 30%, THEN the experts have assessed that PTCA is inappropriate but
CABG is appropriate”; moreover, “there is agreement (A) on this assessment”.
These “IF-THEN” assertions can be translated into production rules as follows.

o We write the symbol A in the conclusion when at the end of the row of digits
the pair of symbols composed of +, — and 7 are —+ , +—, ——, =7, 7— |, +7
and 7+ (see item 4 below for instance). We write the symbol V when the
above pair are ++ (as in item 20 below) and ?7. The reason for choosing
these translations are given in [5].
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e The different degrees of appropriateness are translated as follows (for in-
stance, if the experts assess that a therapeutic action y, is not appropriate
under agreement, y — A, we propose the translation, “necessarily not y”:

D—\y) .

Yy —A(—)D—\y

y —I <y

y —D << Oy

y 7 < true or false, (see below)
y +D < Oy

y +1ey

y + A+ Oy

We translate the information items that contain “?” as follows. If the con-
sequent refers to both PTCA and CABG, “?” is translated as “true” if the
consequent is a conjunction and as false if it is a disjunction, except in the case
where two “?”s appear, in which case the whole consequent is translated as
“true”. The reason is that in this last case, the whole rule becomes a trivially
true implication, whereas in the first and second cases, the consequent becomes
PTCA and CABG whichever is not marked with “7”.

For example, information item 4 is translated into a production rule as fol-
lows.

R4: —z[1] A z[2] A 2[3] A 2[7] — O—y[1] A Oy[2]).

Information 40 is translated as:
R40: —z[1] A z[2] A z[5] A —x[13] A z[7] — true A O-y[2].

An example of a rule that expresses disagreement (using <),